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In the current time there is an important problem that is for a received linear 
or nonlinear binary sequence {zn} how we can find the nonlinear feedback 
shift register and its linear equivalent which generate this sequence. The 
linear orthogonal sequences, special M-Sequences, play a big role in 
these methods for solving this problem. In the current research trying 
give illuminations about the methods which are very useful for solving 
this problem under short sequences, and study these methods for finding 
the nonlinear feedback shift register of a multiplication sequence and its 
linear equivalent feedback shift register of a received multiplication binary 
sequence{zn} where the multiplication on h degrees of a binary linear 
sequence {an}, or finding the equivalent linear feedback shift register of 
{zn}, where the sequence {zn}of the form M-sequence, and these methods 
are very effectively. We can extend these methods for the large sequences 
using programming and modern computers with large memory.
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1. Introduction

Sloane, N.J.A., discuses that the multiplication binary 
sequence {zn} on h degrees of {an} which has the r com-
plexity the r complexity, the complexity of {zn} can’t be 
exceeded;
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Al Cheikha A. H., & Mokayes D., studied the con-
struction of the multiplication Mp-sequences and their 
complexities, periods, and the lengths of the linear equiv-
alents of these multiplication sequences, where the multi-
plication will be on one Mp-sequence or on more than one 
binary sequence [3-8].

Al Cheikha A. H., & Omar Ebtisam Haj, studied the 

construction of the multiplication binary M-sequences, 
Mp-Sequences and their reciprocal sequences and their 
complexities, periods, and the lengths of the linear equiv-
alents of these multiplication sequences, where the multi-
plication will be on one Mp-sequence or on more than one 
binary sequence [9].

Al Cheikha A. H., studied the construction of the mul-
tiplication binary M-sequences and their complexities, 
periods, and the lengths of the linear equivalents of these 
multiplication sequences, where the multiplication will be 
on one Mp-sequence or on more than one binary sequence 
[10-14].

Orthogonal Sequences are used widely in the systems 
communication channels as in the forward links for mix-
ing the information on connection and as in the backward 
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links of these channels to sift this information which 
transmitted and the receivers get the information in a cor-
rect form, especially in the pilot channels, the Sync chan-
nels, and the Traffic channel [14-18].

In current article we try to solve the problem; we re-
ceived the binary sequence {zn}, where {zn} is a linear or 
nonlinear binary sequence then how we can find the basic 
original binary sequence {an} which is under the multipli-
cation operation and the multiplication operation lead to 
the sequence {zn}. 

It is the inverse problem of finding the sequence {zn}
where {an} is known.

2. Research Method and Materials

2.1 M- Linear Recurring Sequences

The sequence {sn} of the form
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where, 110 ...,,,, −kηηηη  are in the field F2={0,1} and k 
is a positive integer is called a binary linear recurring 
sequence of complexity or order k, if 0=η  then the 
sequence is called a homogeneous linear recurring 
sequence (H.L.R.S), in other case the sequence is called 
non-homogeneous linear homogeneous sequence, the 
vector )...,,,( 110 −ksss is called the initial vector and the 
characteristic equation of the sequence is;

01
1

1 ...)( ηηη ++++= −
− xxxxf k

k
k 		     �   (3)

We are limited in our article to 01
1

1 ...)( ηηη ++++= −
− xxxxf k

k
k =1 and the all sequences 

are binary.

2.2 Definitions and Theorems

Definition 1. 
The ultimately sequence ....,, 10 ss  in F2 with the small-

est natural number r≠0 is called periodic with the period r 
iff:

...,1,0; ==+ nss nrn  [2-5]

Definition 2. 
The linear register of a linear sequence is a linear feed-

back shift register with only addition circuits and the num-
ber in its output in the impulse n equal to the general term 
of the sequence {an} and the register denoted as LFSR [3].
Definition 3. 

The complement of the binary vector 1 2 2( , ,..., ),n iX x x x x F= ∈ 

1 2 2( , ,..., ),n iX x x x x F= ∈ is the vector ),...,,( 21 nxxxX = , where:
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Definition 4. 
Suppose ),...,,( 110 −= nxxxx and ),...,,( 110 −= nyyyy

are two binary vectors of the length n on F2. The coeffi-
cient of correlations function of x and y, denoted by Rx,y, 
is
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Where xi + yi  is computed mod 2. It is equal to the 
number of agreements components minus the number 
of disagreements corresponding to components or if 

}1,1{, −∈ii yx (usually, replacing in binary vectors x and 
y each “1” by “1*= -1” and each “0” by “0* = 1”) then 

∑
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Definition 5. 
The  two  b ina ry  vec to r s  ),...,,( 110 −= nxxxx and 

),...,,( 110 −= nyyyy are orthogonal iff;

1, ≤yxR                                �                    (7) [11-13]

Definition 6. 
The set G  ,  where { }0 1 1 2; ( , ,..., ), , 0,1,..., 1n iG X X x x x x F i n−= = ∈ = − 

{ }0 1 1 2; ( , ,..., ), , 0,1,..., 1n iG X X x x x x F i n−= = ∈ = − is orthogonal iff the following two conditions 
are satisfied:
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That is, the absolute value of “the number of agree-
ments minus the number of disagreements” is less than or 
equals one [6,9].
Definition 7. (Euler functionϕ ).

)(nϕ is the number of the all-natural numbers that are 
relatively prime with n [11-14].
Definition 8. 

Inverse problem: Finding the sequence {an} which {zn} 
is a linear or multiplication sequence on it and it is one of 
the issues at present and it requires a solutions [10].
Theorem 9. 

If )(xg is a characteristic prime polynomial of the (H. 
L. R. S.), ....,, 10 ss  of degree k, and α  is a root of )(xg  
in any splitting field of F2 then the general term of this se-
quence is:
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Theorem10. 
The number of irreducible polynomials in )(xFq of de-

gree m and order e is me /)(ϕ , if 2≥e , when m is the order 
of q by mod e, and equal to 2 if  m = e  = 1, and equal to 
zero elsewhere [8,14-18].

* The study here is limited to the finite fields of 
the form kF

2 , then the period of M-Sequence is of the 
form 12 −= kr .

3. Results and Discussion

Strategies finding the origin nonlinear feedback shift 
register and linear equivalent for nonlinear sequences.

Our strategies here as the method of the factorization 
natural number to their prime factors and If the origin 
feedback shift register of the sequence {zn} is a linear or 
nonlinear then we can accomplished it as the following:

1) If the period of the sequence {zn}is of the form r = 
2k-1 and the set of all periodic permutations of one peri-
od of the sequence {zn}is orthogonal then the sequence 
{zn}is a M-Sequence and their feedback shift register is a 
linear, its characteristic polynomial is comfortable with a 
prime polynomial of degree  k, and we can find it through 
the first k terms of the sequence {zn} by finding the coef-
ficients of the characteristic equation using the recurrent 
sequence;

0... 1111 =++++ +−+−+ nnknkkn zzzz λλ        �     (11)

In other cases, if r = 2k-1 and the set of all periodic 
permutations of one period of the sequence {zn} is not or-
thogonal then we can go to the second step which we can 
make it by one of the two following strategies namely 2 or 
3;

2) We find the origin sequence binary recurring M-Se-
quence {an} with the complexity k and the initial vector 
α0, α1, … ,αk-1 (and the best try; α0, α1, … ,αk-1 = z0, z1, 
… ,zk-1 respectively), the number of  degrees h (where h 
= 2,3,..,k  starting with 2 until we come to the sequence 
{zn}or by inverse starting with h = k until we come to 
the sequence {zn}) and the terms  (which they are under 
the multiplication operation) are sufficient for finding the 
nonlinear feedback shift register which will be generate  
the nonlinear sequence {zn}. 

The value h is one value between 2 and k and we need 
take the all prime polynomials of degree k and for each 
of them we will try, one by one, give h the values from 
2 to k until we get the comfortable prime polynomial, h 
and the terms under the multiplication operation of the 
sequence{an} will give us the sequence {zn}, after that 

we can find the general term of the sequence {zn}which 
will define the length of the linear equivalent and through 
element the sequence {zn}by solving one algebraic linear 
system.

3) If the period of the sequence {zn} is of the form r = 
2k-1 or divides it and the set of all periodic permutations 
of one period of the sequence {zn} is not orthogonal then 
the sequence {zn}is nonlinear, not M-Sequence and their 
equivalent linear feedback shift register comfortable with 
the first m terms in the sequence {zn}, we can find the co-
efficients of the characteristic equation of the equivalent 
linear feedback shift register as following;

01... 1
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1 =++++ −
− xxx m

m
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of the recurrent sequence;

0... 1111 =++++ +−+−+ mmkmkkm yyyy µµ � (13)
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 s t a r t i n g  t h r o u g h 
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m  until we coming (and maybe with some 

shifting of the indexes ) to the sequence {yn} = {zn} or 
by inverse starting with h = until (and maybe with some 
shifting of the indexes) we coming to the sequence {yn} 
= {zn}), thus, we can go to finding the equivalent feedback 
shift register generating the sequence {zn} specially, m 
the complexity of the equivalent linear register of the 
sequence {zn}.

Finding h: As very known that hk N
h
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then h is larger than or equal to j where j is the smallest 

n a t u r a l  n u m b e r  f o r  jk N
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m then h = 2 or 3. 

Usually, h = j or j+1. We will try solve some problems 
through the two strategies 2 and 3. 
Example 1. 

Suppose the following sequence {sn};
0 1 0 0 1 1 0 1 0 1 1 1 1 0 0, 0 1 0 0 1 1 0 1 0 1 0 0 1 1 

0, …    (14)
We can look that the sequence is a periodic sequence 

with the period r = 24 – 1 =15, here k = 4,  and the set 
of the all cyclic permutations of one period is S = { m0 , 
m1,…, m14} is;

m0 =  0 1 0 0 1 1 0 1 0 1 1 1 1 0 0 
xm1 =  0 0 1 0 0 1 1 0 1 0 1 1 1 1 0 
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m2 =  0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 
m3 = 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 
m4 = 1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 
m5 = 1 1 1 0 0 0 1 0 0 1 1 0 1 0 1 
m6 = 1 1 1 1 0 0 0 1 0 0 1 1 0 1 0 
m7 = 0 1 1 1 1 0 0 0 1 0 0 1 1 0 1 
m8 = 1 0 1 1 1 1 0 0 0 1 0 0 1 1 0 
m9 = 0 1 0 1 1 1 1 0 0 0 1 0 0 1 1 
m10 = 1 0 1 0 1 1 1 1 0 0 0 1 0 0 1 
m11 = 1 1 0 1 0 1 1 1 1 0 0 0 1 0 0 
m12 = 0 1 1 0 1 0 1 1 1 1 0 0 0 1 0 
m13 =  0 0 1 1 0 1 0 1 1 1 1 0 0 0 1 
m14 = 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 

we can check that each mi, i = 0,1,…, 14 has 8 of the 
"1" and 7 of the "0" and 2, modSmm ji ∈+ , for example;

092 111000100110101 mmm ==+  
Thus, S is an orthogonal set.
There are to ways for finding the linear shift register of 

the sequence;
First way: 

There are only tow prime polynomials of degree 4 are; 
f(x) = x4 + x + 1 and its reciprocal g(x) = x4 + x3 + 1 and 
we will check each of them  if can be generate this se-
quence (with some shift of the indexes).
a)  For the pr ime poly nomial  g (x)  = x 4 + x 3 + 1 
which corresponding with the recurrent  sequence 

034 =++ ++ nnn yyy or nnn yyy += ++ 34 a nd  t he i r 
comfortable linear shift register for the first initial 
vector(0 1 1 0)is the following;

Figure 1. Linear feedback shift register with 4 complexity 
over F2

This feedback shift register generates the following pe-
riodic sequence;

0 1 1 0 0 1 0 0 0 1 1 1 1 0 1, 0 1 1 0 0 1 0 0 0 1 1 1 1 0 1 �   (15)
And we can see that this sequence is not the same of 

received sequence.
b)  For  t he  pr i me poly nom ia l  f (x)  =  x 4 +  x  +  1 
which corresponding with the recurrent sequence 

014 =++ ++ nnn yyy or nnn yyy += ++ 14 a nd  t he i r 
comfortable linear shift register for the first initial 
vector(0 1 1 0)is the following;

Figure 2. Linear feedback shift register with 4 complexity 
over F2

This feedback shift register generates the following pe-
riodic sequence;

0 1 1 0 1 0 1 1 1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 1 0 …� (16)
And we can see that this sequence is the same of the 

received sequence with shift of the index by 14.
Second way: 

Suppose the characteristic equation is 
of the form; 011

2
2

3
3

4 =++++ xxxx ααα
and the recurrent formula is the following; 

011122334 =++++ ++++ nnnnn yyyyy ααα , and y0= 0, 
y1 = 1, y2= 0, y3= 0, y4= 1, y5= 1, y6= 0, y7=1. Thus;

010 01122334 =++++⇒= yyyyynfor ααα

011 12132435 =++++⇒= yyyyynfor ααα

012 23142536 =++++⇒= yyyyynfor ααα  

013 34352637 =++++⇒= yyyyynfor ααα

Fr o m  t h e  f i r s t  t h r e e  e q u a t i o n s  w e  h a v e ;  
1,0,0 123 === ααα and the characteristic equation 

i s  014 =++ xx a n d  t h e  r e c u r r e n t  e q u a t i o n  i s ; 
014 =++ ++ nnn yyy and it is the same what we get in the 

first way.
Example 2. 

Given the following received periodic sequence {zn};
0 0 1 0 1 0 1 1 0 0 0 0 0 0 0, 0 0 1 0 1 0 1 1…..�   (17)
The period of the sequence is r = 24-1 = 15 and as 

showing is not orthogonal that is the sequence {zn} is non-
linear sequence and we need find the nonlinear feedback 
shift register and the linear equivalent which generates it 
that are; origin sequence {an}, the terms of it which they 
are under the multiplication operation, finding h the num-
ber of these terms which under the multiplication opera-
tions, and the linear equivalent to the nonlinear register. 

There are only two prime polynomials of degree 4 they 
are; g(x) = x4 + x3 + 1 and f(x) = x4 + x + 1.

We will study the nonlinear sequences generated by 
given nonlinear feedback shift register corresponding to 
the polynomials under the multiplication operation on two 
degrees, three degrees, and four degrees for each of them 
one by one. 

DOI: https://doi.org/10.30564/ese.v3i2.4036
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First step. 
For the first polynomial g(x) = x4 + x3 + 1 and the origin 

sequence {an} generated with the characteristic polynomi-
al g(x), the initial vector (0010) and the sequence is under 
the multiplication operation. 

T he  or ig i n  sequence  {a n}  wh ich  has  g (x)  a s  a 
characteristic polynomial and satisfies the recurrent 
for mu la  034 =++ ++ nnn aaa  i s  or t hogona l  a nd 
periodic with the period r = 24-1=15 and is showing in the 
Figure 3;

Figure 3. Linear feedback shift register with 4 complexity 
over F2

And it is;
0 0 1 0 0 0 1 1 1 1 0 1 0 1 1, 0 0 1 0 0 0 1 1……. � (18)

Suppose ),( ji
nu is the nonlinear sequence generated under 

the multiplication operation on the tow degrees i and j of 
the feedback shift register, and we have h = 2;

=)1,0(
nu  0 0 0 0 0 0 1 1 1 0 0 0 0 1  0 0 0 0 0 0 0 1…..

=)2,0(
nu  0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 0 0 0 0  …..

=)3,0(
nu  0 0 0 0 0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 ……

=)2,1(
nu  0 0 0 0 0 1 1 1 0 0 0 0 1 0 0 0 0 0 0 …..

=)3,1(
nu  0 0 0 0 0 0 1 1 0 1 0 0 0 0 0 0 0 0 0 …..

=)3,2(
nu 0 0 0 0 1 1 10 0 0 0 1 0 0 0 0 0 0 0 0 .…..

Thus, no any of the previously sequences is equal to 
the sequence {zn}.
Second step. 

For the polynomial f(x) = x4 + x + 1 the origin sequence 
{bn} generated with the characteristic function f(x) and 
has the initial vector (0010) and the sequence is under the 
multiplication operation. 

The origin sequence {bn} which has f(x) as a character-
istic polynomial and satisfies the recurrent formula

014 =++ ++ nnn bbb  is orthogonal and periodic 
with the period r = 24-1=15 and is showing in the Figure 4;

Figure 4. Linear feedback shift register generating the 
sequence {bn}

And it is;
0 0 1 0 0 1 1 0 1 0 1 1 1 1 0,  0 0 1 0 0 1 1 0 1 0…….� (19)

Suppose ),( ji
nw is the nonlinear sequence generated under 

the multiplication operation on the tow cells i and j of the 
feedback shift register, and we have h = 2;

=)1,0(
nw  0 0 0 0 0 1 0 0 0 0 1 1 1 0 0…..

=)2,0(
nw   0 0 0 0 0 0 1 0 1 0 1 1 0 0 0…..

Thus, we can see that )2,0(
nw  is a permutation of {zn}

by 4 cyclic and the sequence is a nonlinear sequence over 
two degrees which are the first and the third degrees of 
the linear shift register of the sequence {bn} and Figure 
5 showing the nonlinear feedback shift register for the 
sequence;

Figure 5. Nonlinear feedback shift register generating the 
sequence {zn}

We can find the linear equivalent of the sequence by 
other way through the sequence {bn}as following;

The sequence {bn}satisfies the recurrent formula 
4 1 4 10n n n n n nb b b or b b b+ + + ++ + = = +  and its characteristic 

equation is 014 =++ xx  and 1)( 4 ++= xxxf is a prime 
polynomial, if β  is a root of the characteristic equation 
then the roots of the characteristic equation (in F2

4 ) 

are   842 ,,, ββββ  and  the general solution of the 

characteristic equation which that is the general term of 
the sequence {bn}is;

DOI: https://doi.org/10.30564/ese.v3i2.4036
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nnnn
n AAAAb 8

4
4

3
2

21 ββββ +++=  o r 

nnnn
n AAAAb )1()1( 2

43
2

21 +++++= ββββ

The elements of the F2
4are;

        

4
2 3 4 5 2 6 3 2

2
7 3 8 2 9 3 10 2

11 3 2 12 3 2 13 3 2

14 3 15

{0, , , , 1, , ,

1, 1, , 1,
, 1, 1,

1, 1}

F β β β β β β β β β β β

β β β β β β β β β β β

β β β β β β β β β β β

β β β

= = + = + = +

= + + = + = + = + +

= + + = + + + = + +

= + =

　　 　

　　

�(20)

The sequence {bn}is periodic with the period r =24-1 = 
15 and;

1 2 3 4
2 4 8

1 2 3 4
2 4 8 16

1 2 3 4
3 6 12 24

1 2 3 4

0 0

1 0

2 1

3 0

n A A A A
n A A A A
n A A A A
n A A A A

β α β β

β β β β

β β β β

= ⇒ + + + =

= ⇒ + + + =

= ⇒ + + + =

= ⇒ + + + =

or 

1 2 3 4
2 4 8

1 2 3 4
2 4 8

1 2 3 4
3 6 12 9

1 2 3 4

0 0

1 0

2 1

3 0

n A A A A
n A A A A
n A A A A
n A A A A

β β β β

β β β β

β β β β

= ⇒ + + + =

= ⇒ + + + =

= ⇒ + + + =

= ⇒ + + + =

Solving this system of equations we have; 

8
4

4
3

2
21 ,,, ββββ ==== AAAA

Thus, the general term of the sequence {bn} is;

nnnn
nb 884422 .... ββββββββ +++=       �    (21)

and {bn } is a M-Sequence with period 24-1 = 15, and 
one period with its cyclic permutations form an orthogo-
nal set;

0 0 1 0 0 1 1 0 1 0 1 1 1 1 0, 0 0 1 0 0 1 0 0…….� (22)
Suppose the sequence {zn }is a multiplication sequence 

on two degrees of {bn}, bn and bn+2 of the sequence {bn } 
as is showing in Figure 5, then; 

2. += nnn bbz

( )3 6 2 12 4 9 8
2

n n n n
nb β β β β β β β β+ = + + +

Or;

( )
( )

2 2 4 4 8 8

3 6 2 12 4 9 8

. . . .n n n n
n

n n n n

z β β β β β β β β

β β β β β β β β

= + + +

+ + +

Or;

2 4 2 13 3 8 4

5 5 11 6 16 8 14 9

10 10 7 12.

n n n n
n

n n n n

n n

z β β β β β β β β

β β β β β β β β

β β β β

= + + + +

+ + + +

+

　　

　　

� (23)

Thus, the zeros of the characteristic polynomial of the 
sequence {zn}are;

2 3 4 5 6 8 9 10 12, , , , , , , , ,n n n n n n n n n nβ β β β β β β β β β
The characteristic polynomial of the sequence {zn} is 

finding through the formula;
2 12( ) ( )( ) ..... ( )n n nh x x x xβ β β= − − − � (24)

Thus, the characteristic equation of the sequence {zn}
is;

2 12( )( ) ..... ( ) 0n n nx x xβ β− − − = 	� (25)

We can verify that;
2 12 60. ..... . 1n n n nβ β β β= =

And;
10 8 5 4 2( ) 1h x x x x x x x= + + + + + + �    (26)

And the characteristic equation for the equivalent of 
the nonlinear sequence s;

10 8 5 4 2 1 0x x x x x x+ + + + + + =            � (27)

The equivalent feedback shift register is showing in the 
following Figure 6;

Figure 6. The equivalent linear feedback register generat-
ing the sequence {zn}

Or, the characteristic equation can be written as;

5 10 2 4 8

3 6 9 12

(( )( ))(( )( )( )( ))
(( )( )( )( )) 0

x x x x x x
x x x x

β β β β β β

β β β β

− − − − − −

− − − − =
 � (28)

2 4 4 3 2( 1)( 1)( 1) 0x x x x x x x x+ + + + + + + + =      �   (29)

The subsequence as result of the characteristic 
equation x2 + x + 1is periodic with the period 22-1 = 4, x4 + 
x + 1 and x4 + x3+ x2+ x +1, each of them is prime with the 
period 24-1 = 15, Thus the sequence {zn}, as a result of the 
characteristic equation 10 8 5 4 2 1 0x x x x x x+ + + + + + = , 

is periodic with the period 24-1 = 15 , the same period of 
the sequence {bn}, and the sequence {zn} defined by the 
recurring formula
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10 8 5 4 2 1 0n n n n n n nz z z z z z z+ + + + + ++ + + + + + = � (30)

And it is; 
0 0 1 0 1 0 1 1 0 0 0 0 0 0 0, 0 0 1 0 1 0 1 1,   0 0 1 0 1 

0 1 1 0 0 0 0 0 0 0, 0 0 1 0 1 0 1 1…..  (31)
Thus, the sequence reached its maximum length;

4 4 4(4 1)4 10
1 2 2
    −

+ = + =   
   

                      �                (32)

Or;
The length of the linear equivalent of the nonlinear 

sequence {zn} is 
4 4

10
1 2

m    
= + =   
   

.

The characteristic equation of the linear equivalent 
shift register is of the form;

10 9 8 7 6 5 4
9 8 7 6 5 4

3 2
3 2 1 1 0

x x x x x x x
x x x
µ µ µ µ µ µ

µ µ µ

+ + + + + +

+ + + + =
   � (33)

Or from the recurrent formula;

10 9 9 8 8 7 7 6 6 5 5

4 4 3 3 2 2 1 1 0
n n n n n n

n n n n n

z z z z z z
z z z z z
µ µ µ µ µ

µ µ µ µ
+ + + + + +

+ + + +

+ + + + +

+ + + + + =
� (34)

We need solve system of 9 equations (or we can take 
more equations if it is need) using the terms of the se-
quence {zn}and the previously characteristic equation that 
are for n = 0,1, ….,8 as following;

Thus, the sequence reached its maximum length;

10
2

)14(44
2
4

1
4





















(32)

Or;

The length of the linear equivalent of the nonlinear sequence {zn} is 10
2
4

1
4


















h .

The characteristic equation of the linear equivalent shift register is of the form;
10 9 8 7 6 5 4

9 8 7 6 5 4
3 2

3 2 1 1 0

x x x x x x x
x x x
     

  

     

    
(33)

Or from the recurrent formula;
10 9 9 8 8 7 7 6 6 5 5

4 4 3 3 2 2 1 1 0
n n n n n n

n n n n n

z z z z z z
z z z z z
    

   
     

   

    

     
(34)

We need solve system of 9 equations (or we can take more equations if it is need) using the
terms of the sequence {zn}and the previously characteristic equation that are for n = 0,1, ….,8 as
following;

For n = 0→ 10 9 9 8 8 7 7 6 6 5 5 4 4

3 3 2 2 1 1 0 0
z z z z z z z

z z z z
     

  
     

    

For n = 1→ 11 9 10 8 9 7 8 6 7 5 6 4 5

3 4 2 3 1 2 1 0
z z z z z z z

z z z z
     

  
     

    

For n = 2→ 12 9 11 8 10 7 9 6 8 5 7 4 6

3 5 2 4 1 3 2 0
z z z z z z z

z z z z
     

  
     

    

For n = 3→ 13 9 12 8 11 7 10 6 9 5 8 4 7

3 6 2 5 1 4 3 0
z z z z z z z

z z z z
     

  
     

    

For n = 4→ 14 9 13 8 12 7 11 6 10 5 9 4 8

3 7 2 6 1 5 4 0
z z z z z z z

z z z z
     

  
     

    

For n = 5→ 15 9 14 8 13 7 12 6 11 5 10 4 9

3 8 2 7 1 6 5 0
z z z z z z z

z z z z
     

  
     

    

For n = 6→ 16 9 15 8 14 7 13 6 12 5 11 4 10

3 9 2 8 1 7 6 0
z z z z z z z

z z z z
     

  
     

    

For n = 7→ 17 9 16 8 15 7 14 6 13 5 12 4 11

3 10 2 9 1 8 7 0
z z z z z z z

z z z z
     

  
     

    

For n = 8→ 18 9 17 8 16 7 15 6 14 5 13 4 12

3 11 2 10 1 9 8 0
z z z z z z z

z z z z
     

  
     

    

For n = 9→ 19 9 18 8 17 7 16 6 15 5 14

4 13 3 12 2 11 1 10 9 0
z z z z z z

z z z z z
    

   
    

     
Solving these equations we have;

1,0,1,0,1,0 123456789   (35)
Thus, the equivalent linear shift register as showing previosly in the Figure 6.

Example 3.
Given the following received periodic sequence {zn};

0 0 0 0 0 1 0 0 0 0 1 0 0 0 0, 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0….. (36)

Solving these equations we have;

9 8 7 6 5 4

3 2 1

0, 1, 0, 1,
0, 1

µ µ µ µ µ µ
µ µ µ

= = = = = =
= = =

     �  (35)

Thus, the equivalent linear shift register as showing 
previosly in the Figure 6.
Example 3. 

Given the following received periodic sequence {zn};
0 0 0 0 0 1 0 0 0 0 1 0 0 0 0,  0 0 0 0 0 1 0 0 0 0 1 0 0 0 0…..  �  (36)
The period of the sequence is 24-1 = 15 and as showing 

is not orthogonal t. e. is nonlinear sequence and we need 
find the nonlinear feedback shift register which generates 
it and the linear equivalent to it that are; origin sequence 
{an}, the terms of it which they are under the multiplica-
tion operation, finding h the number of these terms, and 
the linear equivalent to the nonlinear shift register. 

There are to prime polynomials of degree 4 they are; 
g(x) = x4 + x3 + 1 and  f(x) = x4 + x + 1.

We will study the nonlinear sequences generated by 
given nonlinear feedback shift register corresponding to 
the polynomials under the multiplication operation on four 
degrees and there are only one sequence for each of the 
prime polynomial, after that three degrees and there are 
only 4 sequences for each of the prime polynomial, and 
after that for two degrees for each of them one by one. 
First step. 

For the polynomial g(x) = x4 + x3 + 1 and the origin 
sequence {an} generated with the characteristic function 
g(x) and has the initial vector (0010) and the sequence is 
under the multiplication operation. 

The or igin sequence {a n} which has g (x) as a 
characteristic polynomial and satisfies the recurrent 
for mu la  034 =++ ++ nnn aaa  i s  or t hogona l  a nd 
periodic with the period 24-1=15 and is showing in the 
Figure 7;

Figure 7. Linear feedback shift register with 4 complexity 
over F2

And it is;
0 0 1 0 0 0 1 1 1 1 0 1 0 1 1, 0 0 1 0 0 0 1 1 1 1 0 1 0 1 1……. �  (37)
Thus the nonlinear sequence which as a result of mul-

tiplication on all degrees of the linear shift register in the 
Figure 7 is;

0 0 0 0 0 0 1 0 1 0 0 1 0 0 1, 0 0 0 0 0 0 1 0 1 0 0� (38)
And it is not the same sequence {zn}.
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Second step. 
For the polynomial f(x) = x4 + x + 1 and the origin se-

quence {bn} generated with the characteristic function f(x) 
and has the initial vector (0010) and the sequence is under 
the multiplication operation. 
The origin sequence {bn} which has f(x) as a characteristic 
polynomial  and sat isf ies the recu r rent  for mula 

014 =++ ++ nnn bbb  is orthogonal and periodic with 
the period 24-1=15 and is showing in the Figure 8;

Figure 8. Linear feedback shift register generating the 
sequence {bn}

And it is;
0 0 1 0 0 1 1 0 1 0 1 1 1 1 0, 0 0 1 0 0 1 1 0 1 0 1 1 1 1 

0…….    �  (39)
Thus the nonlinear sequence which as a result of multi-

plication on all cells of the linear shift register in the Fig-
ure 7 is;

0 0 1 0 0 1 0 0 1 0 1 0 0 0 0 0 0 1 0 0, 1 0 0 1 0 0 0 0 1 
0 1 0 0      �  (40)

And it is not the same sequence {zn}.
Third step. 

We will go for f inding ),,( kji
nu and ),,( kji

nw the 

nonlinear sequences over three cells of the sequences {an}
and {bn}respectively which are in the previously first step 
one by one and we have the following;

=)2,1,0() nua 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0, 0 0 01 1 0 0 0 

0 0 0 0 …

(0,1,2)
nw = 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0, 0 0 0 0 0 0 0 0 

0 0 1 1…

And both of (0,1,2) (0,1,2)&n nu w is not the same sequence 

{zn}.

=)3,1,0() nub 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0, 0 0 0 0 1 0 0 0 

0 0 0 0 …

=)3,1,0(
nw 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0, 0 0 0 0 0 1 0 0 0 

0 1 0 0 0 0 0 …

We can see that )3,1,0(
nu is not the same {zn} but 

the sequence )3,1,0(
nw  is the same and the following 

nonlinear shift register generates the sequence {zn};

Figure 9. Nonlinear feedback shift register generating the 
sequence {zn}

From (20);                             

nnnn
nb 884422 .... ββββββββ +++=

nnnn
nb 848242

1 .... ββββββββ +++=+

( )4 8 2 4 2 8
3

n n n n
nb β β β β ββ β β+ = + + +

31.. ++= nnnn bbbz
2 2 4 4 8 8

2 4 2 8 4 8

5 10 2 5 4 8

( . . . . ).

( . . . . .
(

n n n n
n

n n n n

n n n n

z β β β β β β β β

β β β β β β β β

β β β β β β ββ

= + + +

+ + +

+ + +
Or;

2 4 8 5 7 8

10 11 13 14

n n n n n n
n

n n n

z β β β β β β β

β β β β

= + + + + + +

+ + +　　
    �  (41)

Thus;
The zeros of the characteristic polynomial of the se-

quence {zn}are;

2 4 5 7 8 10 11 13 14, , , , , , , , ,n n n n n n n n nβ β β β β β β β β β � (42)

The characteristic polynomial of the sequence {zn} is 
finding through the formula;

2 14( ) ( )( ) ..... ( )n n nf x x x xβ β β= − − − � (43)

Thus, the characteristic equation of the sequence {zn}is;

2 14( )( ) ..... ( ) 0n n nx x xβ β β− − − = � (44)

We can verify that;

2 4 5 7 8 10 11 13 14 75. . . . . . . . . 1nβ β β β β β β β β β β= = � (45)

And the characteristic equation of the sequence {zn}is ;
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5 10 2 4 8

7 11 13 14

(( )( ))(( )( )( )( ))
(( )( )( )( )) 0

x x x x x x
x x x x

β β β β β β

β β β β

− − − − − −

− − − − =
� (46)

Or;

10 5 1 0x x+ + =             �                    (47)

And the characteristic function of the linear equivalent 
of the nonlinear sequence {zn} is;

10 5( ) 1f x x x= + +                     �        (48)

The linear equivalent feedback shift register of {zn} is 
showing in the following Figure 10;

Figure 10. The equivalent linear feedback register gener-
ating sequence {zn}

Or by inverse, we define the equivalent linear register, 
after that we define h the number of terms which are un-
der the multiplication operation and after that we define 
the basic sequence which is under under the multiplication 
operation, namely as following;

The length of the linear equivalent of the nonlinear 

sequence {zn} is 
4 4

10
1 2

h    
= + =   
   

.

The characteristic equation of the linear equivalent 
shift register is of the form;

10 9 8 7 6 5 4
9 8 7 6 5 4

3 2
3 2 1 1 0

x x x x x x x
x x x
µ µ µ µ µ µ

µ µ µ

+ + + + + +

+ + + + =
� (49)

Or from the recurrent formula;

10 9 9 8 8 7 7 6 6 5 5

4 4 3 3 2 2 1 1 0
n n n n n n

n n n n n

z z z z z z
z z z z z
µ µ µ µ µ

µ µ µ µ
+ + + + + +

+ + + +

+ + + + +
+ + + + + =

We need solve system of 9 equations (or we can take 
more equations if it is need) using the terms of the se-
quence {zn}and the previously characteristic equation that 
are for n = 0,1, ….,8 as following;

For n = 0→ 10 9 9 8 8 7 7 6 6 5 5 4 4

3 3 2 2 1 1 0 0
z z z z z z z

z z z z
     

  
     

    

For n = 1→ 11 9 10 8 9 7 8 6 7 5 6 4 5

3 4 2 3 1 2 1 0
z z z z z z z

z z z z
     

  
     

    

For n = 2→ 12 9 11 8 10 7 9 6 8 5 7 4 6

3 5 2 4 1 3 2 0
z z z z z z z

z z z z
     

  
     

    

For n = 3→ 13 9 12 8 11 7 10 6 9 5 8 4 7

3 6 2 5 1 4 3 0
z z z z z z z

z z z z
     

  
     

    

For n = 4→ 14 9 13 8 12 7 11 6 10 5 9 4 8

3 7 2 6 1 5 4 0
z z z z z z z

z z z z
     

  
     

    

For n = 5→ 15 9 14 8 13 7 12 6 11 5 10 4 9

3 8 2 7 1 6 5 0
z z z z z z z

z z z z
     

  
     

    

For n = 6→ 16 9 15 8 14 7 13 6 12 5 11 4 10

3 9 2 8 1 7 6 0
z z z z z z z

z z z z
     

  
     

    

For n = 7→ 17 9 16 8 15 7 14 6 13 5 12 4 11

3 10 2 9 1 8 7 0
z z z z z z z

z z z z
     

  
     

    

For n = 8→ 18 9 17 8 16 7 15 6 14 5 13 4 12

3 11 2 10 1 9 8 0
z z z z z z z

z z z z
     

  
     

    

For n = 9→ 19 9 18 8 17 7 16 6 15 5 14 4 13

3 12 2 11 1 10 9 0
z z z z z z z

z z z z
     

  
     

    
Solving these equations we have;

1,0 5346789   (50)
And the characteristic equation is;

01510  xx (51)
Or;

0)1)(1)(1( 3442  xxxxxx (52)
Or, the recurrent formula of the sequence {zn} is;

0510   nnn zzz (53)
We can check that the recurrent sequence generates the same nonlinear sequence {zn}.
Thus, the equivalent linear shift register as showing in the previously Figure 10.
From the length of the equivalent linear shift register, which equal to 10 we can guess that the

nonlinear shift register has the length 4 (4 degrees) and;

14
3
4

2
4

1
4

&10
2
4

1
4













































(54)

Thus, h =2 or 3 and we can go to the first step for finding the exactly the degree of
multiplication operation h.
4. Conclusions

1) If the received sequence {zn} is orthogonal and periodic with the period r = 2k-1 then the
sequence is linear and has linear shift feedback register with the complexity (length) equal to k and we
can find the linear feedback shift register using the initial vector (α0, α1,… ,αk-1 = z0, z1,… ,zk-1).

2) If {zn}is periodic with the period 2k -1, the linear equivalent of sequence {zn} has the length;

For n = 0→ 10 9 9 8 8 7 7 6 6 5 5 4 4

3 3 2 2 1 1 0 0
z z z z z z z

z z z z
     

  
     

    

For n = 1→ 11 9 10 8 9 7 8 6 7 5 6 4 5

3 4 2 3 1 2 1 0
z z z z z z z

z z z z
     

  
     

    

For n = 2→ 12 9 11 8 10 7 9 6 8 5 7 4 6

3 5 2 4 1 3 2 0
z z z z z z z

z z z z
     

  
     

    

For n = 3→ 13 9 12 8 11 7 10 6 9 5 8 4 7

3 6 2 5 1 4 3 0
z z z z z z z

z z z z
     

  
     

    

For n = 4→ 14 9 13 8 12 7 11 6 10 5 9 4 8

3 7 2 6 1 5 4 0
z z z z z z z

z z z z
     

  
     

    

For n = 5→ 15 9 14 8 13 7 12 6 11 5 10 4 9

3 8 2 7 1 6 5 0
z z z z z z z

z z z z
     

  
     

    

For n = 6→ 16 9 15 8 14 7 13 6 12 5 11 4 10

3 9 2 8 1 7 6 0
z z z z z z z

z z z z
     

  
     

    

For n = 7→ 17 9 16 8 15 7 14 6 13 5 12 4 11

3 10 2 9 1 8 7 0
z z z z z z z

z z z z
     

  
     

    

For n = 8→ 18 9 17 8 16 7 15 6 14 5 13 4 12

3 11 2 10 1 9 8 0
z z z z z z z

z z z z
     

  
     

    

For n = 9→ 19 9 18 8 17 7 16 6 15 5 14 4 13

3 12 2 11 1 10 9 0
z z z z z z z

z z z z
     

  
     

    
Solving these equations we have;

1,0 5346789   (50)
And the characteristic equation is;

01510  xx (51)
Or;

0)1)(1)(1( 3442  xxxxxx (52)
Or, the recurrent formula of the sequence {zn} is;

0510   nnn zzz (53)
We can check that the recurrent sequence generates the same nonlinear sequence {zn}.
Thus, the equivalent linear shift register as showing in the previously Figure 10.
From the length of the equivalent linear shift register, which equal to 10 we can guess that the

nonlinear shift register has the length 4 (4 degrees) and;

14
3
4

2
4

1
4

&10
2
4

1
4













































(54)

Thus, h =2 or 3 and we can go to the first step for finding the exactly the degree of
multiplication operation h.
4. Conclusions

1) If the received sequence {zn} is orthogonal and periodic with the period r = 2k-1 then the
sequence is linear and has linear shift feedback register with the complexity (length) equal to k and we
can find the linear feedback shift register using the initial vector (α0, α1,… ,αk-1 = z0, z1,… ,zk-1).

2) If {zn}is periodic with the period 2k -1, the linear equivalent of sequence {zn} has the length;

Solving these equations we have;

1,0 5346789 ======= µµµµµµµ     �    (50)

And the characteristic equation is;
10 5 1 0x x+ + + =   �        (51)

Or;
2 4 4 3( 1)( 1)( 1) 0x x x x x x+ + + + + + =    �    (52)

Or, the recurrent formula of the sequence {zn} is;

10 5 0n n nz z z+ ++ + + =    �     (53)

We can check that the recurrent sequence generates the 
same nonlinear sequence {zn}.

Thus, the equivalent linear shift register as showing in 
the previously Figure 10.

From the length of the equivalent linear shift register, 
which equal to 10 we can guess that the nonlinear shift 
register has the length 4 (4 degrees) and;

4 4 4 4 4
10 & 14

1 2 1 2 3
         

+ = + + =         
         

� (54)

Thus, h =2 or 3 and we can go to the first step for find-
ing the exactly the degree of multiplication operation h.

4. Conclusions

1) If the received sequence {zn} is orthogonal and pe-
riodic with the period r = 2k-1 then the  sequence is linear 
and has linear shift feedback register with the complexity 
(length) equal to k and we can find the linear feedback 
shift register using the initial vector (α0, α1, … ,αk-1 = z0, 
z1, … ,zk-1).

2) If {zn}is periodic with the period 2k -1, the linear 
equivalent of sequence {zn} has the length;
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2
)1(

212
−

+=







+








=

rrr
rr

Nr

and then the set of all cyclic permutations of one period 
of {zn}is not an orthogonal set then {zn}is multiplication 
on only two degrees of recurring sequence {an} and the 
characteristic polynomial of the sequence {an} is prime 
polynomial of degree k.

3) If the multiplication sequence {zn} is periodic with 
the period 2k -1 or divide it and the linear equivalent reg-
ister of {zn} has the complexity m where tk Nm ≤ (t is the 
latest natural for the inequality is true) then th ≥  (h is the 
number of terms of the original recurring sequence {an} 
which are under the multiplication operation) and the 
characteristic polynomial of the sequence {an}is prime 
polynomial of degree k.  Thus from the period of {zn} we 
can define k the degree of the characteristic polynomial of 
the original sequence {an} and then from the length of the 
linear equivalent of {zn} we can define h the number of 
terms from {zn} which are under the multiplication opera-
tion. 

4) If the multiplication sequence {zn} is periodic with 
the period 2k -1 or divide it then we can define k the de-
gree of 

characteristic polynomial of the sequence {an}which 
is a prime polynomial and after that we can define the 
original sequence {an}and the terms of it which are under 
the multiplication operation that is we can define h then 
through these terms we can define m the complexity of 
linear equivalent register of  the multiplication  sequence 
{zn}.  Thus from the period of {zn} we can define k the 
degree of the characteristic polynomial of the original se-
quence {an} and then from k we can define h the number 
of the terms which are under the multiplication operation 
after that we can find m the complexity of linear equiva-
lent of the sequence {zn}.

5) Knowing he construction  of the nonlinear register 
of the original sequence {an} giving us all codes (or com-
mands) which sending through it and how we can to influ-
ence it.
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Appendix 1.
List of the primitive polynomials on F2

n

x^2 + x^1 + 1
x^3 + x^1 + 1
x^4 + x^1 + 1
x^5 + x^2 + 1
x^5 + x^4 + x^2 + x^1 + 1
x^5 + x^4 + x^3 + x^2 + 1
x^6 + x^1 + 1
x^6 + x^5 + x^2 + x^1 + 1
x^6 + x^5 + x^3 + x^2 + 1
x^7 + x^1 + 1
x^7 + x^3 + 1
x^7 + x^3 + x^2 + x^1 + 1
x^7 + x^4 + x^3 + x^2 + 1
x^7 + x^5 + x^4 + x^3 + x^2 + x^1 + 1
x^7 + x^6 + x^3 + x^1 + 1
x^7 + x^6 + x^4 + x^2 + 1
x^7 + x^6 + x^5 + x^2 + 1
x^7 + x^6 + x^5 + x^4 + x^2 + x^1 + 1
x^8 + x^4 + x^3 + x^2 + 1
x^8 + x^5 + x^3 + x^1 + 1
x^8 + x^6 + x^4 + x^3 + x^2 + x^1 + 1

x^8 + x^6 + x^5 + x^1 + 1
x^8 + x^6 + x^5 + x^2 + 1
x^8 + x^6 + x^5 + x^3 + 1
x^8 + x^7 + x^6 + x^1 + 1
x^8 + x^7 + x^6 + x^5 + x^2 + x^1 + 1
x^9 + x^4 + 1
x^9 + x^5 + x^3 + x^2 + 1
x^9 + x^6 + x^4 + x^3 + 1
x^9 + x^6 + x^5 + x^3 + x^2 + x^1 + 1
x^9 + x^6 + x^5 + x^4 + x^2 + x^1 + 1
x^9 + x^7 + x^6 + x^4 + x^3 + x^1 + 1
x^9 + x^8 + x^4 + x^1 + 1
x^9 + x^8 + x^5 + x^4 + 1
x^9 + x^8 + x^6 + x^5 + 1
x^9 + x^8 + x^6 + x^5 + x^3 + x^1 + 1
x^9 + x^8 + x^7 + x^2 + 1
x^9 + x^8 + x^7 + x^3 + x^2 + x^1 + 1
x^9 + x^8 + x^7 + x^6 + x^5 + x^1 + 1
x^9 + x^8 + x^7 + x^6 + x^5 + x^3 + 1
x^10 + x^3 + 1
x^10 + x^4 + x^3 + x^1 + 1
x^10 + x^6 + x^5 + x^3 + x^2 + x^1 + 1
x^10 + x^8 + x^3 + x^2 + 1
x^10 + x^8 + x^4 + x^3 + 1
x^10 + x^8 + x^5 + x^1 + 1
x^10 + x^8 + x^5 + x^4 + 1
x^10 + x^8 + x^7 + x^6 + x^5 + x^2 + 1
x^10 + x^8 + x^7 + x^6 + x^5 + x^4 + x^3 + x^1 + 1
x^10 + x^9 + x^4 + x^1 + 1
x^10 + x^9 + x^6 + x^5 + x^4 + x^3 + x^2 + x^1 + 1
x^10 + x^9 + x^8 + x^6 + x^3 + x^2 + 1
x^10 + x^9 + x^8 + x^6 + x^5 + x^1 + 1
x^10 + x^9 + x^8 + x^7 + x^6 + x^5 + x^4 + x^3 + 1
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