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1. Introduction

Sloane, N.J.A., discuses that the multiplication binary
sequence {zn} on & degrees of {an} which has the » com-
plexity the » complexity, the complexity of {zn} can’t be
exceeded;

Al Cheikha A. H., & Mokayes D., studied the con-
struction of the multiplication Mp-sequences and their
complexities, periods, and the lengths of the linear equiv-
alents of these multiplication sequences, where the multi-

plication will be on one Mp-sequence or on more than one
3-8]

("

binary sequence
Al Cheikha A. H., & Omar Ebtisam Haj, studied the
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In the current time there is an important problem that is for a received linear
or nonlinear binary sequence {z,} how we can find the nonlinear feedback
shift register and its linear equivalent which generate this sequence. The
linear orthogonal sequences, special M-Sequences, play a big role in
these methods for solving this problem. In the current research trying
give illuminations about the methods which are very useful for solving
this problem under short sequences, and study these methods for finding
the nonlinear feedback shift register of a multiplication sequence and its
linear equivalent feedback shift register of a received multiplication binary
sequence{z,} where the multiplication on % degrees of a binary linear
sequence {a,}, or finding the equivalent linear feedback shift register of
{z,}, where the sequence {z,}of the form M-sequence, and these methods
are very effectively. We can extend these methods for the large sequences
using programming and modern computers with large memory.

construction of the multiplication binary M-sequences,
Mp-Sequences and their reciprocal sequences and their
complexities, periods, and the lengths of the linear equiv-
alents of these multiplication sequences, where the multi-
plication will be on one Mp-sequence or on more than one
binary sequence .

Al Cheikha A. H., studied the construction of the mul-
tiplication binary M-sequences and their complexities,
periods, and the lengths of the linear equivalents of these
multiplication sequences, where the multiplication will be
on one Mp-sequence or on more than one binary sequence
[10-14]

Orthogonal Sequences are used widely in the systems
communication channels as in the forward links for mix-
ing the information on connection and as in the backward
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links of these channels to sift this information which
transmitted and the receivers get the information in a cor-
rect form, especially in the pilot channels, the Sync chan-
nels, and the Traffic channel "',

In current article we try to solve the problem; we re-
ceived the binary sequence {z,}, where {z,} is a linear or
nonlinear binary sequence then how we can find the basic
original binary sequence {an} which is under the multipli-
cation operation and the multiplication operation lead to
the sequence {zn}.

It is the inverse problem of finding the sequence {z,}
where {an} is known.

2. Research Method and Materials
2.1 M- Linear Recurring Sequences
The sequence {sn} of the form

Sn+k = nk—]SyH.k_] +T7k—2Sn+k—2 +...+
ns,+mn&n, €F,,i=0,1,..,k-1 o

k-1
or Sn+k = znisnﬂ' + 77
i=0

where, 7-M0>Ms-->Mk-1 are in the field F,={0,1} and &
is a positive integer is called a binary linear recurring
sequence of complexity or order &, if 7=0 then the
sequence is called a homogeneous linear recurring
sequence (H.L.R.S), in other case the sequence is called
non-homogeneous linear homogeneous sequence, the
vector (Sg,S81,...,5;_1) is called the initial vector and the
characteristic equation of the sequence is;

f(x):xk+77k_1xk_1+...+771x+770 3

We are limited in our article to 7p=1 and the all sequences
are binary.

2.2 Definitions and Theorems

Definition 1.

The ultimately sequence $o-S1,--- in £, with the small-
est natural number 7#£0 is called periodic with the period r
Spap =8 n=0,1,..

Definition 2.

The linear register of a linear sequence is a linear feed-
back shift register with only addition circuits and the num-
ber in its output in the impulse n equal to the general term
of the sequence {an} and the register denoted as LFSR ™.
Definition 3.

The complement of the binary vector X = (X, X,,....X,),

n

18 Distributed under creative commons license 4.0

x; € F}is the vector X =(x;,x;,...x,), where:
— |1 if x,=0
X = .
0 if x =1
Definition 4.

Suppose X = (X0 X15esXp—1) and Y = (V0> Vs Vn—1)
are two binary vectors of the length n on F,. The coeffi-
cient of correlations function of x and y, denoted by Rx,y,

(4) [3,5-8]

is
_ S
Rx,y - Z (_1) (5)
i=0

Where xi + yi is computed mod 2. It is equal to the
number of agreements components minus the number
of disagreements corresponding to components or if
x;, ¥; €L, =1} (usually, replacing in binary vectors x and
yeach “1” by “1*=-1" and each “0” by “0* = 1”) then

n—1
Rey=2%;
i=0
Definition 5.
The two binary vectors X=(Xg,X{,...,X,_1) and
Y =(¥0>¥15---» ¥n-1) are orthogonal iff;

©6) [2-10]

RX,}’

<1 (7) [11-13]

Definition 6.

The set G, where G={X;X =(x),x,...X,.,), X, € F},i =
0,1,..,n—1} is orthogonal iff the following two conditions
are satisfied:
n—l1
2%
i=0

1.VX eG, <1, or R, |<1. ®)

n-l1

DXy

i=0

2.VX,Y e G(X #7Y), <lor (R |<I. )

X,y

That is, the absolute value of “the number of agree-
ments minus the number of disagreements” is less than or
equals one "),

Definition 7. (Euler function ).

@(n) is the number of the all-natural numbers that are
relatively prime with n ',
Definition 8.

Inverse problem: Finding the sequence {an} which {zn}
is a linear or multiplication sequence on it and it is one of
the issues at present and it requires a solutions """,
Theorem 9.

Ifg(x)is a characteristic prime polynomial of the (H.
L.R.S.), S0>51>---- of degree k, and « is a root of g(x)
in any splitting field of F, then the general term of this se-

quence is:
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. n

S0 = ZCi(aZ’ 1) (10)
i=l1

Theorem10.

The number of irreducible polynomials in 4 () of de-
gree m and order e is¢(e)/m  if ¢>2, when m is the order
of ¢ by mod e, and equal to 2 if m =e¢ =1, and equal to
zero elsewhere '),

* The study here is limited to the finite fields of
the form £« , then the period of M-Sequence is of the

form , =2F _1.

3. Results and Discussion

Strategies finding the origin nonlinear feedback shift
register and linear equivalent for nonlinear sequences.

Our strategies here as the method of the factorization
natural number to their prime factors and If the origin
feedback shift register of the sequence {z,} is a linear or
nonlinear then we can accomplished it as the following:

1) If the period of the sequence {z,}is of the form r =
2k-1 and the set of all periodic permutations of one peri-
od of the sequence {z,}is orthogonal then the sequence
{z,}is a M-Sequence and their feedback shift register is a
linear, its characteristic polynomial is comfortable with a
prime polynomial of degree %, and we can find it through
the first k terms of the sequence {z,} by finding the coef-
ficients of the characteristic equation using the recurrent
sequence;

Zpik T M 1Zna-g Tt M2y +2, =0 (11)

In other cases, if » = 2k-1 and the set of all periodic
permutations of one period of the sequence {z,} is not or-
thogonal then we can go to the second step which we can
make it by one of the two following strategies namely 2 or
3;

2) We find the origin sequence binary recurring M-Se-
quence {an} with the complexity & and the initial vector
O, @, ... ,0k-; (and the best try; a,, o, ...

.. ,zk-, respectively), the number of degrees /4 (where A
=23,..,k starting with 2 until we come to the sequence
{z,}or by inverse starting with # = k until we come to
the sequence {z,}) and the terms (which they are under
the multiplication operation) are sufficient for finding the
nonlinear feedback shift register which will be generate
the nonlinear sequence {z,}.

The value £ is one value between 2 and k and we need
take the all prime polynomials of degree k& and for each
of them we will try, one by one, give / the values from
2 to k until we get the comfortable prime polynomial, %
and the terms under the multiplication operation of the
sequence{an} will give us the sequence {z,}, after that

ok- = z, 2,

Distributed under creative commons license 4.0

we can find the general term of the sequence {z,}which
will define the length of the linear equivalent and through
element the sequence {z,}by solving one algebraic linear
system.

3) If the period of the sequence {z,} is of the form r =
2k-1 or divides it and the set of all periodic permutations
of one period of the sequence {z,} is not orthogonal then
the sequence {z,}is nonlinear, not M-Sequence and their
equivalent linear feedback shift register comfortable with
the first m terms in the sequence {z,}, we can find the co-
efficients of the characteristic equation of the equivalent
linear feedback shift register as following;

XM, x4 x+1=0 (12)

of the recurrent sequence;

Ymrk THe1Ymsk—1 T T Y i1 TV = 0 13

k k
Where m is one value between (1)+(2J and

k k k k (k .
N, = I e => ;| starting through

i=1
kY (k ) : .
m=|, + ) until we coming (and maybe with some

shifting of the indexes ) to the sequence {yn} = {z,} or
by inverse starting with # = until (and maybe with some
shifting of the indexes) we coming to the sequence {yn}
= {z,}), thus, we can go to finding the equivalent feedback
shift register generating the sequence {z,} specially, m
the complexity of the equivalent linear register of the
sequence {z,}.

k k
Finding /: As very known that m < (1 ]+ et (}J:th
then 4 is larger than or equal to j where j is the smallest

k k
natural number for mS[1J+~~~+(jj:kNj and if

k k
m=(lj+[2jthenh=20r3.

Usually, 7 = or j+1. We will try solve some problems
through the two strategies 2 and 3.

Example 1.

Suppose the following sequence {sn};

010011010111100,01001101010011
0,... (14)

We can look that the sequence is a periodic sequence
with the period » = 2* — 1 =15, here k = 4, and the set
of the all cyclic permutations of one period is S = { m, ,
My,..., My} is;

my=010011010111100

xm;=001001101011110
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my,=000100110101111
m3=100010011010111
m4=110001001101011
m5=111000100110101
m6=111100010011010
m7=011110001001101
mg=101111000100110
my=010111100010011
mpy=101011110001001
my=110101111000100
mp,=011010111100010
my=001101011110001
my=100110101111000

we can check that each m; i = 0,1,..., 14 has 8 of the

"1"and 7 of the "0" and m; +m; € S, mod 2, for example;
iy +mg = 010011010111100 = 2,

Thus, S is an orthogonal set.

There are to ways for finding the linear shift register of
the sequence;

First way:

There are only tow prime polynomials of degree 4 are;

fix) =x*+x+ 1 and its reciprocal g(x) = x* + x’ + 1 and
we will check each of them if can be generate this se-
quence (with some shift of the indexes).
a) For the prime polynomial g(x) = x* + x + 1
which corresponding with the recurrent sequence
Vn+a+ Yni3+ Yy =001 Y44 = Ypi3 + yyand their
comfortable linear shift register for the first initial
vector(0 1 1 0)is the following;

S

L

L Ghiilol—

Figure 1. Linear feedback shift register with 4 complexity
over F,

This feedback shift register generates the following pe-
riodic sequence;

011001000111101,011001000111101  (15)

And we can see that this sequence is not the same of
received sequence.
b) For the prime polynomial f(x) = x* + x + 1
which corresponding with the recurrent sequence
Vn+a+Vne1 T Yn =001 Yyyq = Yyy1 + Yy and their
comfortable linear shift register for the first initial
vector(0 1 1 0)is the following;

20 Distributed under creative commons license 4.0

— 01 1[0 pF—=vi

Figure 2. Linear feedback shift register with 4 complexity
over F,

This feedback shift register generates the following pe-
riodic sequence;
011010111100010011010111100010... (16)
And we can see that this sequence is the same of the
received sequence with shift of the index by 14.
Second way:

Suppose the characteristic equation is

3

of the form; x* +a3x +a2x2 +a1x+1=0

and the recurrent formula is the following;
Vn+d FO3Yni3 + Q2 Vpip A1 Yp41 1y, =0, and y,=0,
%1 =Ly=0,y,=0,y,= L,ys= I, y5= 0, y,=1. Thus;

Jorn=0=y4+azy3+azy; +a1y; +1yg =0

forn=1= ys+oazys+aryz +a;yy; +1y; =0

forn:2:>y6 Ta3y5 +0rY4 +O1Y3 +1y2 =0
forn=3=y7+azyg+oarys+azys+1ly; =0

From the first three equations we have;
a3 =0,ay =0,a1 =1and the characteristic equation
is x*4+x+1=0and the recurrent equation is;

Yn+a Vi1 + ¥, =0and it is the same what we get in the
first way.
Example 2.

Given the following received periodic sequence {z,};

001010110000000,00101011..... 17)

The period of the sequence is » = 2*-1 = 15 and as
showing is not orthogonal that is the sequence {z,} is non-
linear sequence and we need find the nonlinear feedback
shift register and the linear equivalent which generates it
that are; origin sequence {a,}, the terms of it which they
are under the multiplication operation, finding /4 the num-
ber of these terms which under the multiplication opera-
tions, and the linear equivalent to the nonlinear register.

There are only two prime polynomials of degree 4 they
are; g(x) =x"+x’+ land flx) =x*+x + 1.

We will study the nonlinear sequences generated by
given nonlinear feedback shift register corresponding to
the polynomials under the multiplication operation on two
degrees, three degrees, and four degrees for each of them
one by one.
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First step.

For the first polynomial g(x) = x* +x’ + 1 and the origin

sequence {a,} generated with the characteristic polynomi-
al g(x), the initial vector (0010) and the sequence is under
the multiplication operation.
The origin sequence {a,} which has g(x) as a
characteristic polynomial and satisfies the recurrent
formula a,,4+a,,3+a,=0 is orthogonal and
periodic with the period » = 2*-1=15 and is showing in the
Figure 3;

| o

L

—ofifofo—an

Figure 3. Linear feedback shift register with 4 complexity
over F,

And it is;

001000111101011,001000T11....... (18)

Suppose ”r(zi »7) is the nonlinear sequence generated under

the multiplication operation on the tow degrees i and j of
the feedback shift register, and we have / = 2;

u®D =0000001110000100000001.....

u$2)=0000001101010000000”m
u{®3) =0000001001001001000......
ugﬂ):0000011100001000000“m

ugﬁ):0000001101000000000“m

u§3)=00001110000100000000mm

Thus, no any of the previously sequences is equal to
the sequence {z,}.

Second step.

For the polynomial f{x) = x* + x + 1 the origin sequence
{b,} generated with the characteristic function f{x) and
has the initial vector (0010) and the sequence is under the
multiplication operation.

The origin sequence {b,} which has f(x) as a character-
istic polynomial and satisfies the recurrent formula

b, 4+b,.1+b, =0 is orthogonal and periodic
with the period » = 2*-1=15 and is showing in the Figure 4;

Distributed under creative commons license 4.0

i To To}—o,

Figure 4. Linear feedback shift register generating the
sequence {b,}

And it is;

001001101011110,0010011010....... (19)

Suppose w,gi’j ) is the nonlinear sequence generated under

the multiplication operation on the tow cells i and ; of the
feedback shift register, and we have 4 = 2;

M§M)200000100001110Q““

wyﬁ): 000000101011000.....

Thus, we can see that WISO,Z)

is a permutation of {z}
by 4 cyclic and the sequence is a nonlinear sequence over
two degrees which are the first and the third degrees of
the linear shift register of the sequence {b,} and Figure
5 showing the nonlinear feedback shift register for the

sequence;

Figure 5. Nonlinear feedback shift register generating the
sequence {z,}

We can find the linear equivalent of the sequence by
other way through the sequence {b,}as following;

The sequence {b, }satisfies the recurrent formula
b,y+b,,+b,=00rb, ,=b, +b, and its characteristic
equation is x* +x+1=0 and f(x) =x*+x+lisa prime
polynomial, if B is a root of the characteristic equation
then the roots of the characteristic equation (in F,")

are B, ﬂzj IB4, ﬁg and the general solution of the

characteristic equation which that is the general term of
the sequence {bn}is;
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b, =A1ﬁn+A2ﬂ2n+A3ﬂ4n+A4ﬂ8" o r
by = A"+ A "+ A3 (B+1)" + A4 (B +1)"

The elements of the F,are;

Fo={0.8.5°. 8.8 = B+1.B = B>+ B.° = B’ + .
B =B +p+LB =B +1.B = +B.B" =B+ B+,
B =B+ +BB =B+ + B+ =5+ +],
BY=p 1,55 =1
The sequence {b,}is periodic with the period r =2*-1 =
15 and;

(20)

n=0=>A4+4,+4,+4,=0
n=1=Ap+A4a’ + AL +4,5 =0
n=2= A+ A AL+ AL =1 °
n=3= A + AL+ AL +A4,5" =0

T

n=0=>4+4,+4,+4,=0
n=1=AB+ A +AB + A5 =0
n=2= AR+ A +AL +4,p=1
n=3= A + AP+ AL+ 4,5 =0
Solving this system of equations we have;
2 4 8
Ay =p, Ay =p" A3 =", 44 =
Thus, the general term of the sequence {bn} is;
by =Bp"+ B> B + BB + Bt S @D
and {b,} is a M-Sequence with period 2*-1 = 15, and
one period with its cyclic permutations form an orthogo-
nal set;
001001101011110,00100100....... (22)
Suppose the sequence {zn }is a multiplication sequence

on two degrees of {hn}, b, and bn,, of the sequence {bn }

as is showing in Figure 5, then;
zy =bybyyn
b, =(BB +B B+ B+ B")
Or;
z, = (ﬂﬂ” +p2p+ BB +ﬂ8-,b’8")
(B8 + B+ BB + B 5"
Or;

22 Distributed under creative commons license 4.0

Zn :ﬂzﬂn+ﬁ4ﬂ2n+ﬂl3ﬂ3n+ﬁ8ﬂ4n +
ﬂSﬁSn +ﬂ11ﬂ6n +ﬂ16ﬂ8n+ﬂ14 9n+
ﬂlOﬂlOn +ﬁ7 ﬂlZn

Thus, the zeros of the characteristic polynomial of the
sequence {zn}are;

ﬁn, ﬁZn,ﬂ3n,ﬁ4n’ﬂSn,ﬁ6n’ﬁSn’ﬂ%’ﬂlOn’ﬂlZn

The characteristic polynomial of the sequence {zn} is
finding through the formula;

h(x0) = (x= ") (x= ") e (x= B

Thus, the characteristic equation of the sequence {zn}
is;

23)

(24)

(x=B")x=F") e (x=7")=0 (25)
We can verify that;

ﬂn ﬂ2n ﬂlZn — ﬂ60n — 1
And;

h(x)=x"+x"+x" +x* + x> +x+1 (26)

And the characteristic equation for the equivalent of
the nonlinear sequence s;

M+ +xt P+ x+1=0 @7)

The equivalent feedback shift register is showing in the
following Figure 6;

4

£

?
| 3

8 S o
o fo[1J1iJofa]ol1]o]o |-z

Figure 6. The equivalent linear feedback register generat-
ing the sequence {z,}

Or, the characteristic equation can be written as;
(x=B)x =N = P)x = ) x = ) x = %))
(x= ) x =) x =) x~ ") =0

F+x+ D +Hx+ D F X+ +x+1) =0

28)

29

The subsequence as result of the characteristic
equation x*+ x + lis periodic with the period 2>-1 = 4, x*+
x+ 1 andx* + x’+ x™+ x +1, each of them is prime with the
period 2*-1 = 15, Thus the sequence {zn}, as a result of the

characteristic equation x4+ x®* + x> +x* +x*+x+1=0,

is periodic with the period 2*-1 = 15 , the same period of
the sequence {bn}, and the sequence {zn} defined by the
recurring formula
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Zn+10 +Zn+8 +Zn+5 +Zn+4 +Zn+2 +Zn+1 +Zn = 0 (30)
And it is;
001010110000000,00101011, 00101
0110000000,00101011..... (31)
Thus, the sequence reached its maximum length;
4 4 4(4-1)
+ =4+ =10

Or;

The length of the linear equivalent of the nonlinear

4) (4
sequence {z,} is M = 1 + 5= 10.

The characteristic equation of the linear equivalent
shift register is of the form;

X'+ 41X + X+ g x” + g x® + g + gt

(33)
X+ 1, X + i x+1=0
Or from the recurrent formula;
Zyato THoZ, 0 THRZ, g T g2, 0+ H6Z, 6 T HsZ, s (34)

A Zys T I Z s+ M2, 0 H 142, +2,=0

We need solve system of 9 equations (or we can take
more equations if it is need) using the terms of the se-
quence {z,}and the previously characteristic equation that
are forn=0,1, ....,8 as following;

Zyg T HoZo + UgZg + Ly 27 + HeZg + HsZs + HyZy
Uz + 1,2 + 1z + 2, =0

Zy t KoZyg + MgZo + Wy Zg + KeZy + HsZg + My Zs
Lz, + HyZ iz, +2, =0

Zip T HoZyy + HgZyg + My Zg + HeZg + HsZy + [y Zg
U Zs + U,z Wz +2, =0

Zi3 t HoZyy + Kz + 1y 2y + HeZg + HsZg + 1y 25
U Ze+ Wz + 1z, +2, =0

Zig T MoZi3 + HgZpy + g2y, + HeZio + KsZg + 1y 25
+U3z, + W,z Wz +2, =0

Zis T HoZyg + HgZys + WaZ)y + K Zy + HsZyg + Wy Zg
T Zg + 1,z + W Zg+25=0

Zig T HoZys + HgZiy + HoZys + W Zyp + UsZ) T 1,2
U Zg + WyZg + W2, +2, =0

Zip t HoZig + HgZis + g2y + HeZis + HsZyp + 1y 2,
FUZyo + HyZg + 1 Zg + 2, =0

Zig T HoZ1; + KgZig T Wy Zis + HZyy + HsZi3 + 1y 2,
U2+ Wz F I Zy +2 =0

Zig T HoZig + HgZiy + My 26 + HeZys + HsZyy

FU 2+ aZ), + W2, + 2 +2, =0

Forn=0-

Forn=1-

Forn=2-

Forn=3-

Forn=4-

Forn=5-

Forn=6-

Forn=7-

Forn=8 -

Forn=9-

Solving these equations we have;

Distributed under creative commons license 4.0

Hy =0, 4ty =1, 417 = gt =0, 5 = 1, =1,

My =00, = =1 ©5)

Thus, the equivalent linear shift register as showing
previosly in the Figure 6.

Example 3.

Given the following received periodic sequence {z,};

000001000010000,000001000010000.... (36)

The period of the sequence is 2*-1 = 15 and as showing
is not orthogonal t. e. is nonlinear sequence and we need
find the nonlinear feedback shift register which generates
it and the linear equivalent to it that are; origin sequence
{a,}, the terms of it which they are under the multiplica-
tion operation, finding / the number of these terms, and
the linear equivalent to the nonlinear shift register.

There are to prime polynomials of degree 4 they are;
g)=x'+x’+1and fix)=x"+x+1.

We will study the nonlinear sequences generated by
given nonlinear feedback shift register corresponding to
the polynomials under the multiplication operation on four
degrees and there are only one sequence for each of the
prime polynomial, after that three degrees and there are
only 4 sequences for each of the prime polynomial, and
after that for two degrees for each of them one by one.
First step.

For the polynomial g(x) = x* + x’ + 1 and the origin
sequence {a,} generated with the characteristic function
g(x) and has the initial vector (0010) and the sequence is
under the multiplication operation.

The origin sequence {a,} which has g(x) as a
characteristic polynomial and satisfies the recurrent

formula a,,4+a,,3+a,=0 is orthogonal and

periodic with the period 2*-1=15 and is showing in the
Figure 7,

oTi o [o}—==

Figure 7. Linear feedback shift register with 4 complexity
over F,

And it is;
001000111101011,001000111101011....... (37)
Thus the nonlinear sequence which as a result of mul-
tiplication on all degrees of the linear shift register in the
Figure 7 is;
000000101001001,00000010100 (38)
And it is not the same sequence {z,}.

DOI: https://doi.org/10.30564/ese.v3i2.4036 23



Electrical Science & Engineering | Volume 03 | Issue 02 | October 2021

Second step.

For the polynomial f{x) = x* + x + 1 and the origin se-
quence {b,} generated with the characteristic function f{x)
and has the initial vector (0010) and the sequence is under
the multiplication operation.

The origin sequence {b,} which has f{x) as a characteristic
polynomial and satisfies the recurrent formula

byi4+b,.1+b, =0 is orthogonal and periodic with
the period 2*-1=15 and is showing in the Figure 8;

101 o]0 }—=s

Figure 8. Linear feedback shift register generating the
sequence {b,}

And it is;
001001101011110,00100110101111
(39)
Thus the nonlinear sequence which as a result of multi-
plication on all cells of the linear shift register in the Fig-
ure 7 is;
00100100101000000100,100100001
0100 (40)
And it is not the same sequence {z,}.
Third step.

We will go for finding u,(li’j’k) and w,gi’j’k) the

nonlinear sequences over three cells of the sequences {a,}
and {b,}respectively which are in the previously first step
one by one and we have the following;

a)u®» =000000110000000,00011000
0000...

0,1,2
w'0-12)

n

0011...

= 000000000011000,00000000

And both of u'*"? & w*"?is not the same sequence
2.
bYu® =000000010000000,00001000
0000...

w51031’3)2000001000010000,000001000
0100000 ...

(0,1,3)

n is not the same {z,} but

We can see that y
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(0,1

the sequence w, ) is the same and the following

nonlinear shift register generates the sequence {z,};

1

v

Figure 9. Nonlinear feedback shift register generating the
sequence {z,}

From (20);
bn Zﬂ-ﬂn +ﬁ2.ﬂ2" +ﬁ4-ﬂ4n +,58.ﬁ8n
by =B B"+ BB + B Y + BB
by =(B'B"+BB"+pB" + 5 B")
Zy =by by by
2, = (BB + B+ BB+ BB
(BB + BB + .5 + BB
(BB +B°p" + BB + B
Or;
z, ="+ BB+ BB+ B+
B+ B+ p

Thus;
The zeros of the characteristic polynomial of the se-

(1)

quence {zn}are;

ﬂn,ﬁ2n,ﬂ4n’ﬂ5n,ﬁ7n,ﬂ8n,ﬁ10,ﬁlln,ﬂ13n,ﬁl4n (42)

The characteristic polynomial of the sequence {zn} is
finding through the formula;

f)=(x=p")x= ") e (x= )

Thus, the characteristic equation of the sequence {zn}is;

43)

(x=B")x =) e (x= ") =0 “4)
We can verify that;
ﬂ.ﬂz-ﬂ4-ﬂ5.ﬁ7-,BS-,BIO-,BH-,HB-,BMW :IB75 =1 @)

And the characteristic equation of the sequence {zn}is ;
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(x= ) (x = BNx = B)x = B2)(x = B)(x = %) 46)
(x=BN)(x =)= ) x= ") =0
Or;

¥ +x+1=0 “7)

And the characteristic function of the linear equivalent
of the nonlinear sequence {z,} is;

Fx)=x"+x"+1 (“8)

The linear equivalent feedback shift register of {z,} is
showing in the following Figure 10;

-

)

—— 0 [ofolof1]ofo]o]o]f0 |-z

Figure 10. The equivalent linear feedback register gener-
ating sequence {z,}

Or by inverse, we define the equivalent linear register,
after that we define / the number of terms which are un-
der the multiplication operation and after that we define
the basic sequence which is under under the multiplication
operation, namely as following;

The length of the linear equivalent of the nonlinear

4) (4
sequence {z,} is h = [1 ]J{Zj =10 .

The characteristic equation of the linear equivalent
shift register is of the form;

X'+ 41X + X+ g x7 + p x® + g + gt
AL+ X + i x+1=0 @
Or from the recurrent formula;
Zyno T HoZ,o T IRZ, g 12,00+ HZ, 6 T HsZ, s
YU Z, g ¥ 2, ¥ M2, + 12, +2, =0
We need solve system of 9 equations (or we can take
more equations if it is need) using the terms of the se-

quence {z,}and the previously characteristic equation that
are forn =0,1, ....,8 as following;

Zyg T HoZg + HgZg + Ly Zy + HeZg + LsZs + Wy Zy

HHZy 2y F 1z 2, =0

Zi t HoZig + HgZo + Ky Zg + MgZy + UsZg + 1y Zs
Uiz, + U,z 2, +2, =0

Zp T HoZyy + HgZyg + WoZg + HeZg + UsZy + Wy Zg

HHZs 2z + 2, =0

Forn=0-

Forn=1-

Forn=2—-

Distributed under creative commons license 4.0

Zi3 T HoZiy + HgZyy T Wy Zyg T HeZg + HsZg + 1y Z:

Forn=3 -
FHZe + Uy Zs T 12, +23 =0

Forn=4 — Zig T HoZiy T HgZyp + Wy 2y + HeZyo + KsZg + Hy2
Uz + Lz Iz +2, =0

Forn=>5— Zis H oz, MgZyy + g2y + HeZyy + HsZyp + Ky
Tl Zg + 2y + 2+ 25 =0

Forn=6— Zis T HoZys + UgZyy + 12y T HeZyp + HsZyy + Ly
+UyZy + UyZg + 1,2, +2, =0

Forn=7— Zyy T HoZig T MgZys + My Zyy + UeZis T HUsZyp + 1y
U3z + HpZy + yZg +2; =0

Forn=8 — Zig T HoZyy T HgZis T Wy Zys + KeZyy T HsZys T Ly
FUZ 2 + 2 + 2, =0

Forn=9 — Zig T HoZig T UgZyy T HyZis + HeZys + MsZyy T 1y

FUZ), + W2y + 12 + 29 =0

Solving these equations we have;

Mg =g = p7 = Hg = Mg = 3 =0, u5 =1 (50)
And the characteristic equation is;

¥+ X ++1=0 1)
Or;

& +x+ D +x+ D+ +1)=0 (52)
Or, the recurrent formula of the sequence {z,} is;

Zyso T Zyys 42, =0 (53)

We can check that the recurrent sequence generates the
same nonlinear sequence {z,}.

Thus, the equivalent linear shift register as showing in
the previously Figure 10.

From the length of the equivalent linear shift register,
which equal to 10 we can guess that the nonlinear shift
register has the length 4 (4 degrees) and;

(o}

Thus, & =2 or 3 and we can go to the first step for find-

(4)

ing the exactly the degree of multiplication operation /.

4. Conclusions

1) If the received sequence {z,} is orthogonal and pe-
riodic with the period » = 2k-1 then the sequence is linear
and has linear shift feedback register with the complexity
(length) equal to £ and we can find the linear feedback
shift register using the initial vector (o, a,, ... ,ak-; = z,,
Zy .. 5zk=).

2) If {z,}is periodic with the period 2k -1, the linear
equivalent of sequence {z,} has the length;

DOI: https://doi.org/10.30564/ese.v3i2.4036 25



Electrical Science & Engineering | Volume 03 | Issue 02 | October 2021

el

and then the set of all cyclic permutations of one period
of {z,}is not an orthogonal set then {z,}is multiplication
on only two degrees of recurring sequence {an} and the
characteristic polynomial of the sequence {an} is prime
polynomial of degree .

3) If the multiplication sequence {z,} is periodic with
the period 2k -1 or divide it and the linear equivalent reg-

ister of {z,} has the complexity m where m< ;N (t is the

latest natural for the inequality is true) then s>t (h is the
number of terms of the original recurring sequence {an}

which are under the multiplication operation) and the
characteristic polynomial of the sequence {an}is prime
polynomial of degree k. Thus from the period of {z,} we
can define k the degree of the characteristic polynomial of
the original sequence {a,} and then from the length of the
linear equivalent of {z,} we can define 4 the number of
terms from {z,} which are under the multiplication opera-
tion.

4) If the multiplication sequence {z,} is periodic with
the period 2k -1 or divide it then we can define k the de-
gree of

characteristic polynomial of the sequence {an}which
is a prime polynomial and after that we can define the
original sequence {an}and the terms of it which are under
the multiplication operation that is we can define / then
through these terms we can define m the complexity of
linear equivalent register of the multiplication sequence
{z,}. Thus from the period of {z,} we can define k the
degree of the characteristic polynomial of the original se-
quence {a,} and then from k we can define / the number
of the terms which are under the multiplication operation
after that we can find m the complexity of linear equiva-
lent of the sequence {z,}.

5) Knowing he construction of the nonlinear register
of the original sequence {a,} giving us all codes (or com-
mands) which sending through it and how we can to influ-
ence it.
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Appendix 1.

List of the primitive polynomials on F,"
x"2+xM+1

x"3+xM+1

xM+xM+1

XN+ xM2 + 1

XS 4+ xM A+ xN2 +xM +

XS+ xM A+ N3+ xM2 + 1

X6 +xM +1

X6+ XN+ xM2+xM 41

X6+ XN+ xM3+xM2+ 1

XN+ xM + 1

XN+ xM3 + 1

XN+ XM+ xM2+xM A+ 1
XN+ xM A+ xMN3+xM2+ 1

XN XN+ xM AN+ xM2 XM+ ]
XN+ xM6 +xM3 +xM + 1

XN+ x7M6 +xM +xM2 + 1

XANT + X6 + xS+ xM2 + 1

XN+ XM+ XN+ xM M2+ XM+ ]
X"+ xM+x"3+xM2+1

X"+ xS+ xM3+xM 41

X8 + X760 + xM + xMN3 + xM2 +xM + 1
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X8+ xM6 + x5 +xM + 1

XM+ xM6 + x5+ xM2 + 1

X8+ X6 + x5+ x"3+ 1
X8+ xN +xM6+xM + 1

X8 + XN + XM+ XN+ xM2 + XM+ 1
XN+ xM + 1

XN+ xS+ xM3+xM2+ 1

X" +xM6 +xM +x"3+ 1

X9 + xMN6 + XM + XM+ xM2 +xM + 1
XN+ xMN6 + x5+ xM A xM2 +HxM T
XN+ xN +xM6+xM A+ M +HxM + ]
X9+ xMN8 +xM +xM + 1

XN + x 8 + x5+ xM + 1

X"+ xM8+xM6+ x5+ 1

X"+ xM8+xM+ XM XM +xM + 1
X9 + xM8 + XM +xM2 + 1

XN+ xN8 + XN+ xM3+xM2+xM + 1
X"+ x"8 + XN +xM6 XM+ xM + 1
XA + X8 + XN+ XMN6 + x5+ XM+ 1
MO +xMN3+1
xM0+xM+xM+x M+ 1

xMO + XM + x5+ XM+ M2+ XM+
MO+ xM8+xM3+xM2 + 1
xMO0+x"8+xM+x"3+1
xM0+x"8+xM+xM + 1

xMO + xM8 + x5+ xM + 1
xMO0+xM+ XM+ XM XN +HxM2 + 1

XMO + xM8 + XN+ xM6 + XA+ XM+ XM+ XM+

X0+ xM9 +xM +xM + 1

xMO0 + xN9 + xMN6 + x5+ xM + XM+ xM2 + XM+

xMO0 + x99+ xM8 +xM6 +xM +xM2 + 1
X0+ xMN9 + xM8 + xM6 + x5+ xM + 1

X0+ x"9 + x8 + XN + X706 + x5 +xM +xM3 + 1
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