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ABSTRACT

An attempt has been made to study the horizontal momentum flux and vertical energy flux associated with baroclinic

airflow over northeast region of India. The northeast region of India features two prominent orographic barriers: the Assam-

Burma Hills (ABH) and the Khasi-Jaintia Hills (KJH). This paper presents a three-dimensional (3-D) model for mountain

waves, applied to calculate momentum flux (MF) and energy flux (EF) associated with airflow over the Assam-Burma Hills

(ABH) and Khasi-Jaintia Hills (KJH) in northeast India. We investigate the impact of the Assam-Burma Hills (ABH) and

Khasi-Jaintia Hills (KJH) on momentum flux and energy flux associated with vertically propagating internal gravity waves,

considering a realistic airflow with height-dependent wind and stability profiles. The model employs a comprehensive set

of assumptions, including a three-dimensional (3D) laminar flow regime, inviscid fluid behavior, adiabatic conditions, and

the Boussinesq approximation, all within the context of a non-rotating moist airflow environment. The simulation yields

detailed results for the energy flux along the vertical z-axis, as well as the two horizontal components of momentum flux

along the x-axis and y-axis. These results have been thoroughly evaluated and subsequently compared with the findings of

earlier researchers in the field, facilitating a robust validation of the model’s performance.
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1. Introduction

When a stably stratified air-stream flows across an oro-

graphic barrier, the gravity waves occur and it can transport

the momentum from stably tabular air stream to the ground

surface in response to a net pressure drop between the wind-

ward and lee slopes of the barrier. Also, these type of gravity

waves able to carry energy from ground surface to the mean

flow at great height. It is also known that the breaking of

gravity waves leading to turbulencemay be due to continuous

extraction of momentum from the mean flow. The transport

of energy and momentum associated by gravity waves is

a sub-grid scale phenomenon. So, the parameterization of

these sub-grid scale fluxes (energy flux and momentum flux)

is very significant in the NWP (Numeric Weather Prediction)

models. Numerous researchers have theoretically studied

stably stratified airflow across various orographic barriers.

Corby and Sawyar (1958) [1] studied the effects of the

upper boundary and high level conditions over a ridge. They

showed that lee waves may reach their maximum amplitude

in the high troposphere and stratosphere of some airstreams.

The properties of these waves are mostly determined by the

nature of the airstream at high altitudes, although the more

well-known kind of lee wave, which has its maximum am-

plitude in the lower troposphere, is seldom affected. Sawyar

(1959) [2] studied the effects of topography into methods of

numerical forecasting. He considered a two-dimensional

(2-D) bell-shaped obstacle and obtained a typical value of

momentum flux of magnitude 1–10dynes/cm2. He also

observed that the impact of topographic features be inte-

grated into models serving as the foundation for numerical

weather prediction, to the extent feasible. Nevertheless, the

dynamic processes through which hills and mountains affect

large-scale weather systems remain incompletely compre-

hended. He reviewed the likely mechanisms involved, as-

sessed their significance, and proposed adaptations to the

quasigeostrophic models used in numerical forecasting.

Eliaseen (1961) [3] also taken a 2-D flux model for a

steady and non-dissipative waves. He observed that the hori-

zontal momentum flux is independent of height. For a steady,

non-rotating, 3-D linear problem, the governing equation be-

comes nonsingular when the environmental flow velocity is

normal to a given wave number vector, as shown by Sawyar

(1962) [4]. Bluemen (1965) [5] developed a random model of

momentum flux by mountain waves. He showed that the

maximum value of flux is attend when the vertical wave-

length is two times of height of the mountain. Booker and

Bretherton (1967) [6] observed a critical layer where momen-

tum flux is absorbed and environmental wind speed vanishes

when Richardson number is more than 0.25.

Miles (1968) [7] studied about drag and wave amplitude

for a 2-D thin barrier. He observed that wave drag tends to

increase when decreasing wind speed. He also showed that

the wave amplitudes and drag for a thin barrier in a two di-

mensional stratified flow in which the dynamic pressure and

density gradient of the upstream wind are constants. Brether-

ton (1969) [8] viewed that the momentum transfer from the

waves to the mean flow during propagation. In the review

he judged that an upward transport of horizontal momentum

inevitably accompanies the generation of such waves in he

atmosphere, the mean flow being affected only precisely at

those levels, where the waves are dissipated. He had also

shown that if the mean wind depends on the horizontal po-

sition, there might be a continuous transfer of momentum

from the waves to the mean flow during propagation. In

the absence of intense clear air turbulence (CAT) or a crit-

ical level, where the intrinsic frequency vanishes, waves

propagate vertically upward to the a great vertical distance.

Lilly (1972) [9] reported the value of the momentum flux over

the Front Range of the Colorado Rockies by instrumented

aircraft during field experiments.

Bluemen and McGergor (1976) [10] had studied the ef-

fect of both cross wind and vertical shear of the basic flow in

a linear, hydrostatic model of stationary mountain lee waves

in a stably stratified air stream. Using a constant lapse rate

basic flow, analytical solutions were determined first. They

compared the solution for the basic flow (U = sechy ) with

that for the constant basic flow (U= constant). They intro-

duced a 3-D mountain wave drag model for a non-planar

shear flow. They observed the wave drag obtained by 2-D

barrier was greater than that obtained by a 3-D barrier. In

their study they had also taken a two layer model in order

to examine the effect of stable stratosphere. In this study

the wave drag was shown to be sensitive to the phase dif-

ference between the transmitted and reflected waves in the

lower layer. They found that this sensitiveness becomesmore

pronounced in the presence of crosswind shear.

Andrews and Mclntyre (1976) [11] had shown that finite
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amplitude waves transfer momentum to the mean flow only

when they are transient or dissipative. The pressure drag on

the Blue Ridge mountain in the central Appalachians was

determined by Smith (1978) [12]. He observed during the first

two weeks of January 1947 several periods with important

wave drag with pressure differences typically of the order of

50Nm−2 across the ridge. The general westerly bias (GWB)

of the global GCM (general circulation models) were devel-

oped by Palmer et al. (1986) [13]. They also observed that

one way to reduce this GWB is to incorporate the gravity

wave drag parameterization scheme in the GCM. They used

a straightforward zonally symmetric model demonstrates

the mechanisms through which adjustments to thermal wind

balance, combined with wave drag in the stratosphere, lead

to warming in polar areas through adiabatic descent, while

simultaneously slowing down the average westerly winds in

the troposphere. They discussed the impact of the parame-

terization scheme on simulations within the 11-layer model

and found it to be largely advantageous for the integrations.

Iwasaki et al. (1989) [14] developed an another type of

gravity wave drag parameterization scheme to upgrade the

troposphere westerly bias associated with effects of these

tropospheric trapped lee waves. Hoinka and Clark (1991) [15]

had used a 3-D, anelastic and no-hydrostatic model to simu-

late the airflow over and around Alps during a strong foehn

event on 8th November 1982. Their model results showed

that in low levels the airflow is moved around Alps. They

also observed that, the local vectors of the momentum flux

and the pressure drag exhibit notable horizontal fluctuation,

according to the simulations. This variability limits the capac-

ity to reliably extrapolate local cross-sectional observations

of pressure drag and momentum flux to values representative

for the entire Alpine complex and makes it more difficult to

compare model and observational data. Unfortunately, on

November 8, 1982, surface pressure drag readings for the

entire Alps were not available. Clark and Miller (1991) [16]

again presented a 3-D nested non-hydrostatic model across

ALPEX. They also showed that the variability of the momen-

tum fluxes. Satomura and Bougeault (1994) [17] used a two

dimensional non-hydrostatic, compressible model to simu-

late the airflow over the Pyrenees in connection with two

lee waves events during PYREX experiment. In both cases,

the simulated downward momentum fluxes agree well with

the observed fluxes around 4km height. The over estimation

of the simulated momentum flux in the upper half of the

atmosphere was suggested to be due to the time evolution

of the mean wind and the lateral momentum flux divergence

found in the atmosphere.

Shutts (1995) [18] was analytically demonstrated that,

except for the azimuthal filtering, the momentum flux vector

for an environmental flow with a uniform shear is almost the

same as that for a uniform environmental flow, where veloc-

ity is equal to the original flow at the ground level. Broad

(1995) [19] developed a 3-D linear theory of momentum fluxes

associated with turning of the mean wind with height. He

showed that unless the Richardson number drops below a

quarter or there is a critical level where the mean wind in the

direction of the flux vector becomes zero, the vertical flux

of the horizontal momentum vector is thought to be parallel

to the surface stress vector and independent of height. Then,

non-zero gravity-wave drag is assumed to be opposed to the

flow vector and parallel to it. Shutts (1998) [20] developed

a 3-D linear theory of momentum fluxes. He viewed that

the flux is azimuthally filtered continuously in the vertical.

Vosper and Mobbs (1998) [21] also considered a 3-D dynami-

cal model for momentum fluxes for a steady waves. They

observed that the horizontal components of momentum flux

are constant with height in the nonappearance of dissipation.

Dutta (2001) [22] contemplated a 2-D bell shaped model

for an idealized air-stream flow across Mumbai-Pune section

of the Western Ghats (WG). He observed that both fluxes

(momentum and energy fluxes) are fixed with height and

have no contribute of plateau part of the barrier to the afore-

said fluxes. Dutta and Naresh Kumar (2005) [23] also devel-

oped a 2-D flux model across theAssam-Burma Hills (ABH).

They displayed that the valley of ABH acts as a source and

sink in the momentum flux and energy flux respectively.

Dutta (2007) [24] modified his 2-D model into 3-D realistic

model across WG and KJH. He showed that the momentum

all the fluxes across both Western-Ghats (WG) and KJH are

varying with vertical but vertical variation is not uniform

with height. He also observed the influence of V component

of the basic flow, this component makes the momentum flux

or energy flux either divergent or convergent in the vertical.

Das and Dutta (2022) [25] developed a mathematical model

on fluxes associated with gravity waves excited by corner

mountain. The observed the effect of the corner mountain

which is formed byABH and KJH and showed that the fluxes
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are varying with vertical but variations are not uniform with

height.

There appears to be limited research on momentum and

energy flux associated with internal gravity waves generated

by the Assam-Burma Hills and Khasi-Jaintia Hills (KJH),

especially considering the actual vertical patterns of back-

ground wind and stability. With this brief discussion we pass

on to the development of this mathematical model for both

fluxes associated with gravity wave in different atmospheric

phenomena over northeast region of India.

2. Database

The nearest RS (Radio Sonde) station to both Khasi-

Jayantia Hills (KJH) andAssam-BurmaHills (ABH) of north-

east region of India is GUWAHATI (26.19°N, 91.73°E). The

average observed lee waves RS data of GUWAHATI for

26th January 2020 from 0000UTC to 1200UTC across the

barriers of northeast region of India, have been used in this

study. This data is taken fromArchive of IMD (Indian Mete-

orological Department), Pune, India.

3. Methodology

In the northeast region of India, the Khasi-Jaintia Hills

(KJH) and Assam-Burma Hills (ABH) are two important

mountain barriers serving as study profiles for this model.

KJH is broadly eastwest oriented whereas ABH is broadly

northsouth oriented andABH is synthesized by two elliptical

barriers they are separated by a valley of some finite length.

The analytical expressions of these two profiles are:

Profile of KJH (Dutta (2007) [24]):

h(x, y) =
H

1 + x2

a2 + y2

b2

(1)

Profile of ABH (Das et al. (2018) [26]):

h(x, y) =
h1

1 + x2

a2 + y2

b2

+
h2

1 + (x−d)2

a2 + y2

b2

(2)

The meaning of all parameters of the above profiles are

given in Table 1 [24,26].

We assume the KJH to be a single elliptical barrier

and the ABH to be two elliptical barriers, separated by a

valley of finite length (d). The major ridge of the barrier is

normal to the basic flow. A laminar, steady state, inviscid,

non-rotating and adiabatic baroclinic mean flow is taken in

this model. Both components V and U of basic flow and the

Brunt-Väisälä frequency (N) are varying with vertical. Us-

ing the same conditions and same method of Das and Dutta

(2022) [25], we get a vertical structure equation:

Table 1. Meaning and Values of the Parameters of the Barrier.

Barriers Meaning and Values of the Parameters

KJH

a = half the width of the barrier along the basic flow =25km

b = half the width of the barrier across the basic flow=62.5km

H=Height of the Ridge =1.6km

ABH

a = half the width of the barrier along the basic flow =20km

b = half the width of the barrier across the basic flow=50km

h1=Height of the 1
st Ridge =0.9km

h2=Height of the 2
nd Ridge =0.7km

d =Length of the valley between two Ridges.

∂2ŵ1

∂z2
+
{
f(k, l, z)−K2

}
ŵ1 = 0 (3)

f(k, l, z) =
N2(k2 + l2)

(kU + lV )2
−

(
k dU

dz + l dVdz
ku+ lV

)
1

ρ0

dρ0
dz

−

(
k d2U

dz2 + l d
2V
dz2

ku+ lV

)
+

1

4ρ20

(
dρ0
dz

)2

− 1

2ρ0

d2ρ0
dz2

(4)
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where ẃ(x, y, z) =
√

ρ0(0)
ρ0(z)

w1(x, y, z), N =√
g
θ0

dθ0
dz and K2 = k2 + l2. All other symbols have the

same meaning of Das and Dutta (2022) [25]. Numerical solu-

tion of equation (3) is strictly indeterminate unless the value

of f(k, l, z) is specified at great heights. But, it is physically

unlikely that the computed flow pattern at the lower levels

would be greatly affected by the temperature and at the great

height. Also Corby and Sawyar (1958) [8], Palm and Fold-

vic (1960) [27] and Sawyar (1960) [28] have observed that the

choice of f(k, l, z) at the upper boundary has only a small

effect on low-level flow patter. Accordingly it is considered

here that, at and above the upper boundary f(k, l, z) = 0,

Viz., Sarker (1967) [29], De (1973) [30], Sinha Ray (1988) [31].

Thus at and above the upper boundary condition we have

ŵ1(k, l, z) ∝ e−Kz (5)

∂ŵ1

∂z
∝ −Kŵ1 (6)

If ĥ(k, l) be the 2-D Fourier transformation of h(x, y).

Then the Fourier transformations of the profiles (1) and (2)

are

ĥ(k, l) = 2πabHK0

(
a2k2 + b2l2

)
(7)

ĥ(k, l) = 2πab
(
h1 + h2e

−ikd
)
K0

(
a2k2 + b2l2

)
(8)

For the numerical solutions, following Das and Dutta

(2022) [25], we consider an arbitrary function φ(k, l, z) that

satisfies equation (3) and boundary conditions (5) and (6).

Using the same technique and procedure of Das and Dutta

(2022) [25], the solution of equation (3) is expressed as

ŵ(k, l, z) =

√
ρ0(0)

ρ0(z)
i [kU(0) + lV (0)] ĥ(k, l)

ϕ(k, l, z)

ϕ(k, l, 0)
(9)

Where ĥ(k, l) for KJH and ABH are given by equa-

tions (7) and (8) respectively. Now numerical solution of

φ(k, l, z) is calculated at discrete levels in the vertical for a

given pair of wave number (k, l). So, the model domain is

artificially divided vertically in n discrete levels by inserting

(n+1) equidistant (d) points. For a given pair of wave num-

ber is specified at each of the (n+1) discrete levels, obtained

from RS (radio sonde) data for upstream station of the barrier.

Now, similar to Das and Dutta (2022) [25], φ(k, l, z) is calcu-

lated numerically at different vertical grid points at intervals

of 0.25 km and at different levels, for a given vector (k, l).

Using (9) and the values of φ(k, l, z), we calculate p̂, û and v̂

{following Das and Dutta (2022) [25], Dutta (2005) [32], Dutta

(2007) [24]}

p̂(k, l, z) =
i
{(

k dU
dz + l dVdz

)
ŵ(k, l, z)− (kU + lV )∂ŵ∂z

}
ρ0(z)

K2
(10)

û(k, l, z) =
i
[
ŵ(k, l, z)dUdz + k

K2

{(
k dU

dz + l dVdz
)
ŵ(k, l, z)− (kU + lV )∂ŵ∂z

}]
(kU + lV )

(11)

v̂(k, l, z) =
i
[
ŵ(k, l, z)dVdz + k

K2

{(
k dU

dz + l dVdz
)
ŵ(k, l, z)− (kU + lV )∂ŵ∂z

}]
(kU + lV )

(12)

Applying inverse Fourier transformation on equations

(9)-(12) numerically, w′, p′, u′ and v′ are calculated at each

vertical level and at each horizontal grid point (5km apart).

Similar to Das and Dutta (2022) [25], the two horizontal com-

ponents of the momentum flux vector Tzx = Su′w′ , Tzy =

Sv′w′ and energy flux Ez = Sp′w′ at horizontal grid point

and any vertical level and any horizontal grid, are computed.

Where S denotes the average surface area of the given barrier.

Here the average surface area of the barrier KJH is SKJH =

0.5π2(a+ b)H as per equation (1) [Dutta (2007) [24]] and for

the barrier ABH is SABH = 0.5(h1 + h2){π2(a+ b) + d}
as per equation (2) [Das et al. (2016) [33]].
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4. Results and Discussion

Applying the equations (10)-(12), the fluxes have been

calculated across the barriers KJH and ABH. The duration

from November to February, is the winter season for the

India subcontinent. Das et al. (2016) [33], Dutta and Naresh

Kumar (2005) [23] and De (1973) [30] had marked that the air

stream occurs the lee waves during this winter season across

the KJH andABH. So, in this study, we take a particular date

26th January 2020. This date is known to every Indian as

the Republic day and they celebrate this day in every year.

Here, the computed energy fluxes and momentum fluxes are

discussed with respect to KJH and ABH separately below.

4.1. Fluxes for KJH during Winter Season (On

26th January 2020)

In the northeast region of India, the Khasi-Jaintia Hills

(KJH) is a crucial mountain barrier that plays a significant

role in exciting gravity waves associated with 3-D mesoscale

airflow. The vertical profile of temperature T(z) and two

parts U(z) and V(z) of the basic flow are graphed by the Fig-

ure 1. This shows that the U(z) and V(z) are changing with

vertical and the temperature T(z) is constant moist adiabatic

lapse rate with height. Using this profile, the energy flux

(Ekjh) and momentum fluxes (Tzx_kjh , Tzy_kjh) are obtained

across the barrier KJH.

Figure 1. Vertical profile of T(z), U(z) and V(z).

The energy flux (Ekjh) across KJH on 26th January 2020

is shown in Figure 2. This figure shows that the energy flux

is unchanged above 3.25 km and variant from ground level

to 3.25 km. When z = 1.25 km, there is a maximum energy

flux Ekjh has been found and in the level from z = 0.5 km to

z = 1.75 km, Ekjh is vertically upward. In the level from z

= 1.75 km to z = 3.25 km, Ekjh is vertically downward. The

magnitude of the maximum energy flux Ekjh at z = 1.25 km,

is 2.53E − 04W (msq)−1.

The profile of westerly momentum flux (Tzx_kjh) is de-

picted in the Figure 3. The momentum flux Tzx_kjh is un-

changed above z = 3.5 km and in the level from z = 0.5 km

to z = 1.75 km, Tzx_kjh is vertically upward and from z =

1.75 km to z = 3.5 km, Tzx_kjh is upward/downward. The

maximum momentum flux Tzx_kjh at z = 1.25 km is found

and its magnitude is 1.07E − 10N(msq)−1.
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Figure 2. Vertical profile of Energy flux (Ekjh) for KJH.

Figure 3. Vertical profile of Momentum flux (Tzx_kjh) for KJH.

The profile of southerly momentum flux (Tzy_kjh) across

KJH is graphed in the Figure 4. In the level from z = 0.5 km to

z = 1 km and from z = 1 km to z = 1.75 km, the flux Tzy_kjh is

vertically upward and downward respectively. It is marked that,

in the level from z = 0.5 km to z = 4.25 km the southerlymomen-

tum flux (Tzy_kjh) is divergent/convergent and it is unchanged

above z = 4.25 km and the maximum flux Tzy_kjh occurs at z =

1.5 km with magnitude | − 2.19E − 11|N(msq)−1.
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Figure 4. Vertical profile of Momentum flux (Tzy_kjh) for KJH.

4.2. Fluxes forABH during Winter Season (On

26th January 2020)

ABH is synthesized by two ridges separated by a valley

of some finite length (d). The weather and climate of the

northeast region of India depend on the behaviour of the

ABH. Using the same profile of T(z), U(z) and V(z), the

fluxes are calculated across the barrier ABH.

The energy flux (Eabh) across ABH is depicted in the

Figure 5. It is shown that the energy flux Eabh is fixed above

z = 3.5 km. In the level from z = 0.5 km to z = 1.75 km the

flux Eabh is vertically upward and from z = 1.75 km to z =

3.5 km the flux Eabh is vertically downward i.e., the flux Eabh

is convergent/divergent up to z = 3.5 km. The maximum

energy flux Eabh is seen at z = 1.25km and its magnitude is

5.28E − 04W (msq)−1.

Figure 5. Vertical profile of Energy flux (Eabh) for ABH.
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The profile of the westerly momentum flux (Tzx_abh)

across ABH is shown in Figure 6. This shows that the max-

imum momentum flux is occurred at z = 1.25 km and its

value is 2.23E − 10N(msq)−1. In the level from z = 0.5

km to z = 1.75 km, the momentum flux Tzx_abh is vertically

upward and also it is invariant above z = 3.5 km.

Figure 6. Vertical profile of Momentum flux (Tzx_abh) for ABH.

The profile of the southerly momentum flux (Tzy_abh)

across ABH is depicted in Figure 7. In the lavel from z = 0.5

km to z = 1 km and from z = 1 km to z = 1.75 km, the momen-

tum flux Tzy_abh is vertically upward and downward respec-

tively. Again from z = 1.75 km to z = 4.25 km, the flux Tzy_abh

is vertically upward/downward and invariant above z = 4.25

km. The maximum southerly momentum flux Tzy_abh occurs

at z = 4.25 km and its magnitude is 4.05E − 11N(msq)−1.

Figure 7. Vertical profile of Momentum flux (Tzy_abh) for ABH.
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5. Conclusions

In this work, we calculate and parameterize the fluxes

associated with airflow over the northeast region of India.

The results reveal several notable observations, which are

presented below:

(i) In the northeast region of India, the maximum energy

fluxes of the barriers are occurred near about at z = 1.25

km and the energy fluxes across both KJH and ABH are

vertically upward from ground level to z = 2 km.

(ii) The maximum westerly momentum fluxes across both

KJH and ABH are located at z = 1.25 km and these west-

erly momentum fluxes are vertically upward from ground

level to z = 1.75 km.

(iii) The southerly momentum fluxes across both the barriers

are vertically upward and downward in the level from sur-

face to z = 2 km and the maximum southerly momentum

fluxes are located at z = 1.5 km.

(iv) The effects of the barriers of northeast region of India

are observed and they are playing a major roll to create

energy flux and momentum flux.

The climate and weather of the northeast region of In-

dia are observed to depend on the orographic behaviour of

the KJH and ABH barriers.
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