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1. Introduction

Numerical atmospheric and oceanic models are usu-
ally applied over complex terrain " ““/. Hence, models
require different coordinate to handle the irregular terrain.
One of the terrain following coordinates, discussed in the
papers """ has been applied to Regional Atmospheric
Modeling System (RAMS) ¥, Geesthacht Simulation
Model of the Atmosphere (GESIMA) """, Cloud Resolv-
ing Strom Simulator (CReSS) '*!, Japan Meteorological
Research Institute (MRI-model) ), WRF ™, and oth-

er models. The relationship between their coordinates
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In the terrain following coordinate, Gal-Chen and Somerville " and other

proposed a vertical coordinate Z %€ (Z = Zy,0m)/ (Ztap ~Zyuom) and con-

stant spatial intervals of §x and 8y along the other directions. Because
the variation of §x and 0y was ignored, their coordinate does not really
follow the terrain. It fails to reproduce the divergence and curl over a com-
plex terrain. Aligning the coordinate with real terrain, the divergence and
curl we obtained from the curvilinear coordinate are consistent with the
Cartesian coordinate. With a modification, the simulated total mass, energy,
and momentum from the Navier-Stokes equations are conserved and in
agreement with those calculated from Cartesian coordinate.

(¥, ¥, Z) and the Cartesian coordinates (x, y, z) satisfies:

Zt(Z_Zb)

Z

X =y, and Z = where z, and z,

>

-z,
are the height of the domain and the terrain elevation,
respectively. This popular coordinate works well when it
is applied to the gradient Vy, but it fails to produce the
accurate divergence or the curl over a sloped mountain. It
cannot be applied to the Navier-Stokes equations either.
Although the coordinate is simple, it does not consider the
variation of the spatial intervals over the terrain because

0x =0x, and 6y =0y We propose a true terrain fol-
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lowing coordinate, in which the spatial intervals are not
constant but vary with the terrain. This system can accu-
rately simulate the divergence and curl over a complex
terrain. When it is applied to the Navier-Stokes equations
with some modification, the total mass, energy and mo-
mentum calculated from the curvilinear coordinate are
conserved and agree with those calculated from the Carte-
sian system.

2. Equations

2.1 General Curvilinear Coordinate

The detailed transformation between the Cartesian
coordinate and the general curvilinear coordinate can be
found in vector and tensor analysis books !'*'%, as well as
research articles '”'*. In a curvilinear coordinate, a posi-
tion vector (or any other vector) can be presented by

3 3
r=)E’gi(=Zilgf)=32fg’(=szg') M
1 1

where g; is the covariant basis vector along the curvilinear
coordinate £’ (a contravariant quantity), and the contra-

variant basis vector (or dual basis vector) g’ (i =1, 2, 3), as
shown in Figure 1. They satisfy:

gi.gj = 5:] (2a)

)?i=(ﬁ,gj)-gf=r-gi; fc‘=(fc’g,)-g'=r-g‘(2b)
and

1_8:,%8; 2 _ 8 X8 3_81%X8

g :—’ :—’ :—’

J J J
J=g g, X8, =g Xg, 8, =g, Xg;-g (2d)

(2¢)

Figure 1. covariant basis vectors (g,), con-
travariant basis vectors (g'), and a 2D vector

_ ~1 A2 _2 1 ~ 2
r=xg +xg,=x8 +x,g
In the Cartesian system, the basis vectors e; and the
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change of the position vector satisfies:

dr =@dx+@dy+gdz =e dx+e dy+e.dz=edx
ox oy Oz !
3)
In the curvilinear system, it becomes
or .. »
dr =L gy =g d¥’ (4a)
ox'
and the covariant basis vectors are
if
T e, B B e & (4b)
ox' o o Tox' Tox
The gradient operator is
; 0
V=g -=€ — 5a
S Yoy %)
and
Y T sh
. (sb)
S E Y%

The Jacobian matrix is

& o o

ol o
ox ox~ oOx ox  ox~  ox

0z 0z Oz

ox' ot ox’

J:[gl’gzag3]:det|:

For a scalar variable S

ds aAS" dz' :gia—:g-gkdf" :g"a—?-dr =vS.dr ()
ox' ox' ox'
where VS =g’ 8_5 =e, a_s: as shown in (5a, 5b).
ox ox

According to the divergence theorem,

jV -Vdv = @V ‘ndA, we can calculate the divergence in

the volume of gy, — g 45! x g di? - g,di* = Jdi'di*dx’
in Figure 2. The flux of a velocity V normal to the lower
surface is V-ndA:V~(gld5clxg2d£2)=V~glxg2dfc'dfcz
= JV-gidi'di? = di'ds?, Where °=V.g', and the
flux on the upper surfaces can be estimated

by: 153 a3 gz +6(J93c{)"c]d)?2)di3. Hence, the net flux

3
X

~3
along g’ is _ o(Sv") d&'d#2dx? - 1t is also applied to two
X

0
other directions. The summation of the net fluxes becomes
3 Al
SV onda=) a(a{‘j ) g 32 (8)
i= X
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Therefore:

[V-Vav=3V-V(di'g < di’g, -di’g,)

=LV-V(g 38, g ) E & =TV V' i’

3
=S Vondd =3 09 g g
i=1 ax
and
Al
v.vol 5({\’ )+3(-{ ) 5({ )
J\ ax! ox? ox’

(€))

Figure 2. 3D curvilinear coordinates and volume

v=(di'g, x di’g, -dt’g; )

Following tensor analysis

[19, 15]

vergence of a vector V =V’g j-

, we can also derive di-

/\] a
V-v=g¢g P (Vg,)=g" 8Vg+vf g',’
ox' ox
_o. A'f Ajgi'ag.{ _ o'
a)’el J a)'el -
i n A nj
ST kB L G0 B
ox’ oo Jox! J ox
where Christoffel of the second kind is defined as
Fl];. = Fﬁi =g""r,-j,, (11a)
and
_ 0g . . 0Og.
ik =8 ag’- :l gjk + agA]k - %Z =I', (11b)
Y ox’ 2L ox' ox) ox /

is the Christoffel of the first kind, and
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og.

g=8-8:¢" =¢g-g’; and >L=T, g =T'g,
ox
(11¢)
The curl of vector V becomes
0
823
- 0 0 0
=J 1[(gzxg3)x8fc V+(g3xg1)x§V+(glxgz)x¥Vj
_ 0 0 0
=J 1(g{gz-ng+gl(g3-§V)+g2(gl~¥VD
_ 0 0 0
-J l[gz[gfgvj"'gs(gl'@V]'Fgl(gz'ﬁvj]
0 0 0 0
ey (g,-V)-g, aif Vg, (g,-V)+g, aif Vit
B 0 og 0 og
=J"! g1¥(g3'v)_g1 8}; V- g3ax (gl V)+g3 ax; -V+
Gl og o og
gz%(gfv)_gz %;'V_glg(gz'v)"’gl 8x§ -V
(12a)
But
6g1= 8@= 0 6r=8g2
oxt ot ot o' ot !
Therefore
0 0
g3§(gz V)_gzg(gs'v)"'
VxV=J gl@(g3 V)_g3§(g1'v)+
0 0
gz@(gl V)_glﬁ(gz'v)
Finally, we obtain:
g g g3 g g g;
1 0 0 0 1| 0 0 0
VxV=— Al An2 3 | T 7| An A2 A3
J| ox ox ox J|lox ox° ox
gV gV gV ‘;1 ﬁz ‘;3
(12b)

h /\_ . _l\ j. )
veey, =v-g, =vg g,

2.2 Terrain Following Coordinate

Terrain following coordinate is one of the most popular
non-orthogonal systems applied to the atmospheric and
oceanic models. Pielke "* has detailed the history and
evolution of the system. Figure 3 shows the 2D diagram
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of the curvilinear coordinate (%',%°), the inclination
angle 6 of the Z -surface. For convenience, we also define

the vertical coordinate 7 = ¥° and:

Z—Zz
A A3
=% = b

(13)

Z; 7%

where z,, is the terrain elevation and z, is the domain
height. From (13), we obtain:

g 0z B (zt —Zb) (14)

ol 27
(82) _\z-z) 1
X,y

X,y

and

&), (5).-
o8 )a o \&2Jup 02

=(z,-2z,)

The inclinations of Z along x and y- directions are

(%j _ a(Zb+2(Zt_Zb)) :(1—2)%(163)
ox ). ox ox

and

(15)

(16b)

oz =(1-% %,
oy ), oy

z

Figure 3. Basis vectors of 2D Cartesian coordinate and

terrain following coordinates

The changes Z with respect to x and y are
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5 Z—Z,
(&) =5

ox ox

(Zt_Zb)a(Za;Zb)—(Z—zb)a(Z’a;Zb)

(z,-2,)

T

_ _Ox (17a)

(z,-2z,)

P z—2z, %(2_1)
(%] \z-z) oy (17b)
ay 5 ay (Zt_Zb)

The covariant basis vectors at the terrain coordinate

system become:

or B(xex +ye, + zez)
i’ :(a“ J A

3

= sicl {ex +eZ(l—é)%} (18a)
X
o :[ij _ a(xex +ye, +zez)
ol e %’ }
= ay2 [ey +e (-2 %} (18b)
ox oy
and
(arj a(xex+yey+ze:)
B )y oF g
=(z,-z)e. (150

At surface (2 =0), g, and g, are parallel to the terrain

surface, while g; always points to the vertical direction.

The Jacobian becomes
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ox Ox  Ox |
oKt oot o’
ay oy Yy
J = g -2, x8 = det ol o o
0z 0Oz Oz
o8t oxt ot
Sﬁ 0 0
X
=det 0 863}2 0
. 0z, Ox 0z, dy
_(l_z)a_;ayel =57 % (Z’_Z”)_
ox oy
o ap G %) (19

From (2c¢), (5b) and (19), the contravariant basis vec-

tors become

g, xg oy ox 0Oy
: 2,] = a2 (Zt_zb)/(a/\l pre (Z _Zb)J

g =—"—7—=¢
zex/(ﬁiclj 6
ox 8x

(20a)

N ox ox O
gzz%ze)} oy z, Zb)/(ad a:vz (Z Z;,)j
) ox’?

=e, / ;’2 :[é)e}. (20b)

and

o, % (51
. 858 o (Z 1) . oy (Z )ey
J (z,-z,) (z—2z)

e, [oF e 20

(z,-z) (o' )" -

The transformation between the velocity (u, v, w) in the

Cartesian coordinate (X, y, z) and the velocity (1,v,w) in

the new coordinate is

Distributed under creative commons license 4.0

dx ox di' ox di ox d¥’
- TRy T
. dr ox dt ox° dr  ox” dr
vl dy | _ Gyd_fcl oy dv: oy di’
dt & dt xR dr ox drt
Woldz| | oz dd oz dv> oz dF
— —— + — +—
dt oxt dt oxF dt o dit
o 0 0
ax 121
- 0 24 0o |
8x‘ .
0z, Ox u
1- 52 _ Y% _
(1-2) o (1 )ay 8}) (z.-2z,)
121
=J| a?
u'*3
and
Cl{)%l a)el a}el ~l
. dt x oy oz
L ld || ax v &
C I S
dt x oy &
8)21
— 0 0
ox
~2
- 0 & 0
24 w
0z, 0zy / »
Y2y N (51
ax (Z ) ax(z ) 1
(Zt ) (Zt Zb) (Zz Zb)
u
=J v
w
and
ox
< 0 0
ox
0
=l 0 B 0
ox
0z, Ox 0z
D2 092 (2-2)
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Ox
. 1 00
0%’
- 2
0 ay 0 — 0 1 0 :JflJ( 3)
0z, 0z, 001
ol ) ez
o (Z ) o (Z ) 1
(Zt 7217) (Zt 7Zb) (Zt 721;)

It shows that g, parallels to e, g' parallels e,, and g” par-
allels e,. In this system, g; is different from g

2.3 The Popular Terrain Following Coordinate

1,5,7,12

In the popular terrain coordinate ' 1 it is assumed:

zZ\z—Z
X=x;5=19; andE:—t( ;) (24)
Z,7%,
and the inverse transformation:
_ _ zZ(z —z
x:x;y:y;z:(t—b)+zb (25)
zZ

t

Because they assumed that x=X and y =7 , the
spatial interval 0X or Jy is not measured along the real
terrain as §3 or § PE The relationships of the basis vec-

tors and other variables between the systems in 2.3 and 2.2

are:
éz(z—zb)/(zt—zb)zf/zt (26a)
and
a_xl =1land 8_yz =1, but a—i Or% can be different
X ox ox x
from 1. (26b)

Their basic vector E,- and the relationship with g, are;

or _{a(xex +ye, +zeZ)J

g] = 5)?1 afl .
:(%ex ez% (Z’ Zb) +Zb)]
X X Z, %

o't T g ox
ox!
= (27a)
_ or 8(xex +ye, +zez)
g = =
2 afz afz
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o
oy oz or o
=—le +e.(1-2)=2L |=—="1 27h
8)72( Y Z( )ayJ afZ 6)72 gz ( )
_ or a(xex +ye, +zez)
3T 7 12 B 8)?3 .
z,—z or
= z(t b):_3_g3 270
Zt ﬁf Zt
and the Jacobian
[ax  ox  ox |
&
Ts .o vo or oOr dy dy oy
J=g1'g2Xg3=det|:g...$:|=det 7 ? ?
0z Oz oz
& & o
pad 0 0
ox
=det 0 6_)/2 0 :(Zt_zh)
ox z,
%(ZI—E) ai(zt_f) (Zt_zb)
_ax Z, ay zZ, z, |
(28)
as well as
— al
_1:—2x—3/j=(2, z,,)ey>< ze. e - O3
Zt (Zt Zb) ax
(29a)
- ox*
_2:_ X_ /J:e = 2_ (29b)
g 3 1 , =8 ay
g _glxgz/(]
0 P =
= —xlex z%(l_i)
ox ox z,
[a—yzeyﬂez (z,-%) azg}(zz z,)
X z, X z,
= Z e _(Zt_E)ai _(Zt—f)ai
(z-z)  (z-z) & ~ (z-z) &

|G, (G-, 1
! (z,—z) ox ° (z,—z) oy ' (z,-z,) °

=zg (29¢)

DOI: https://doi.org/10.30564/jasr.v4i1.2704



Journal of Atmospheric Science Research | Volume 04 | Issue 01 | January 2021

The velocity becomes

AN -
_ dr Ox oy oz
u u
el = = & [
_ dt Ox oy oz
w w
dx’ _ oz _ OZ/
i (z-z) /ax (z-2) oy z,
(Zt _Zb) (Zt _Zb) (Zt _Zb)
0 0 u
= 0 1 v
_ o _ 0z, w
(z,—2z) (z,—2z) (z,—2z)
(30)

Eq. (30) was derived by Gal-Chen and Somerville ). Tt
is noted that

dfl_dx_ . Ox

17=E—E—u—u§, (313)
2
R (31b)
X

Hence, their system becomes very simple, and

_ oz — Oz
W:d_is: (z-2z) %@xu_'_(z z,) /@}v+ z,
dt (z,—z,) (z,—z,) (z,—z,)
& (1—2)6%)6 (1‘5)8% 1
=z,—=z|— u— v+
dt (z,—z,) (z,—z,) (z,—z,)
=z
(31c¢)
The corresponding gradient, the divergence, and curl
are
vs=g &2 (32)
ox
1{a(P") a(m?) o’
V.V=— ("1)+(V2)(V3)’ (33)
J\ ox ox ox
and
g, 2, g;
gavol| 2 o o
J| ox ox ox

§1'V §2'V §3'V
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g 8 8

1| 0 0 0
TE w @ -

i, Y

3. Numerical Simulations

We apply a 2D numerical model to test the curvilinear
coordinates on gradient, divergence, and curl, which are
the fundamental operators in the Navier-Stokes equations.
The 2D model consists of 2 sets of grids: The first one is
the C-grids in the Cartesian coordinate without mountain.
The second set is derived from the coordinates discussed
in Sections 2.2-2.3. The numerical results derived from
the Cartesian coordinate are used to compare with the
simulations obtained from the curvilinear systems. The
Cartesian 2D model includes (20%20) uniform grids with
Ax=1 km, z, = 12 km, and Az = 12 km/20. The elevation
of a bell-shaped mountain is given by

2
2=z, / (x;:j +1.0

(35)

where z,,, = 2000 m, wa = 4000 m, and x_ is located at

the mid-point in the x-axis. The coordinate Z is given by
(13) and z by (24).

3.1 Gradient

A scalar variable, S = Cs(x—x,)z, (36a)

with Cs=3.0. The second order centered differ-
ence of the gradient in the Cartesian coordinate is:

=8—Sex a_Sez _ Sj+1/2,k _Sj—l/z,k e 4 Sj,k+1/2 _Sj,k—1/2 e.
Ox 0z Ax ! Az

(36b)

The numerical scheme in the terrain following coordi-

nate in Sect. 2.2 is:

VS

0z, /
a—;(:—l)eer e oS

oS e oS
+ ~3
(z,—z,) (z,—z,) |Ox

VS—g/ B __ &
B x/ov of

oz, ;.
1as G as 1 )as
= ~1 A]+ ~3 ex+ ~3 €,
ox/ox ox  (z,—z,) OX (z,—z,) ) ox

(36¢)
The scheme in Sect. 2.3 is
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vs=g 5
afl
__& ﬁ.,. —(E_Z’)aie TR - e ﬁ
ox/ox' ox' \(z,-z,) ox (z,-2,) )’
(1 oS (E-z)o5 08, , oz OS
ox/ox X' (z,-z,) x X ) (z,-z,) 0%

(36d)
The continuous black lines in Figure 4 show the gradi-
ent in the Cartesian coordinate of Eq. (36b) along e, and e.
directions, respectively. They are completely covered by
the dashed red lines from the terrain following coordinates
of Eq. (36¢) and the blue dots of Eq. (36d). We can see
that both schemes generate the same results as the Carte-
sian coordinate, because

(e /6 j(@S Ox 6S 62]
ot \ox ot' | oz of

ox \(0S ox OS oz oS 0S oz
ex/—l ——1+——1 =ex —_— |
ox )\ Ox ox 0z Ox ox 0z Ox

12 Q\\-\' —_— »Y

N S

NN

REFH i
I 1

%
’f

SRS l"__—.'i'“'*"i_: T
,\’Q'_ | e !__l_J-
E I -[ Loty fand 174
;“,n\ 3— | IR Y P !__l
I o T RN P i

T — o= rn alv s Fa
3 —:t P i B rs ’{' '
ST ATT T

' ‘;{N‘)* S b plr 11

! A h\"k

M ] [] L] L] LE .
x—grid (km)m

Figure 4. S in (36a) is shown by yellow lines, VS by color
vector; x and z components of gradient in Cartesian co-
ordinate by black lines, which are covered by dashed red
lines of (36¢) and blue dots of (36d) in terrain following
coordinates. Green lines show terrain and depth beneath (in
meter.)

3.2 Divergence

AvectorV =Dc(x—x,)z°e, + De(x—x,)’ze,  (37a)

with Dc = 6x10%, is applied to the Cartesian and terrain
following coordinates. Then we solve the divergences nu-
merically:

46 Distributed under creative commons license 4.0

Div, =V- v, o (37b)
ox 82
. . 1
Div. =V.-V=¢/ —.(V'g, Jv/
A g (vV'g)= 73 Jv')
(37¢)
and
Div_ = =g/ A~(vi§.)=ii.(7\71)(37d)
¢ ox’ ' J ox’

z (km)

e ¢ & 6 12 % 16 18

x—grid (km}

Figure 5. Black lines for divergence from (37b) in Carte-
sian, dashed red lines from (37c), and blue dots from (37d)
of terrain following coordinates

Figure 5 shows Div, of the Cartesian coordinate (black
lines), as well as Div, (dashed red lines) and Div, (blue
dots) from the terrain following coordinates. Div, agrees
with Div,. But Div, departs from Div, over the slope of
the mountain, especially in the lower layers, where the

difference between Sx'and o' is large. The discrepan-

cy diminishes when §¥! approaches Sx! in the upper

layer or over the peak of the mountain (at x = x.). Hence,

the difference between Jx'and dx' is important.

3.3 Curl along y-direction

The vector V is given by
V =2.526x10°(x—x,)ze, +2.526x10°(x—x,)
(z—10Az)’e. (38a)

The y-component of curls becomes
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Curl, = ou_ %: , (38b)
zZ
Curl, = %( SY; - Zlﬁ j (38¢)
X
And
Curl, = %[% — 6_1231) (38d)
X X

The results of Curl, (black), Curl, (dashed red), and
Curl, (blue dots) are shown in Figure 6. Overall, Curl, re-
produces Curl, quite well, except some errors in the short-
waves, because the solutions obtained from terrain follow-
ing coordinates are interpreted to the Cartesian grids by
linear interpretation. But Curl, can be quite different from
Curl,, as discussed in Section 3.2.

x—grid (km}

Figure 6. y-component curl: Black lines from (38b) of
Cartesian coordinate, dashed red lines from (38c) and
blue dots from (38d) of terrain following coordinates, and
green lines for terrain

4. The Navier-Stokes Equations

The equations in geofluid dynamics in the Cartesian sys-

tem are:
0
ot 6xj
or 7 ox p Ox, Yo,

Distributed under creative commons license 4.0

09 00 1 0dg

— Y, —=——"T
o ox, ¢ Tdt @D
and equation of state
f(p,p.T)=0 (42)

where p is pressure, o is density, b, is gravity, Fis
friction along the x-direction, @ is potential temperature,
T is temperature, ¢ is heating, and D, is diffusion. Ap-
plying the chain rule to the pressure gradient, divergence,

and the total derivatives in the curvilinear coordinate ",

we obtain:

6_p+ a(pu_]) _a(pu_/) aZ| +8(pu3):0
o | o | oy | Ok,
for j=1 and 2 (43)
o on_ Vo el ), E
ot 0x,; p| ox, N 0z Ox, N p
(44)
and
00 ., 00 1 0d
il =2 (45)

Tt =t
ot ox, c, T dt
J P

Eqgs. (43-45) have been applied to the NTU-Purdue
Nonhydrostatic model *”, and other nonhydrostatic
models ', Although the system is simple and can be
solved numerically with high accuracy "****, it does not
conserve the total mass or momentum. Combining those
equations, we obtain the flux forms:

olu.pu.
ot ij ij
and
oplu. 1
98 | P, =—0—pﬂ+Dgp=Q 47)
ot 6xj ¢, T dt

Without forcing terms on the right-hand side, Eq. (40)
in the curvilinear coordinate becomes

ov'g, . 0 .
= Vg o' — (Vg ),
> g g afc'( g)
or (48)
ot a\i’f —ﬁ’ﬁfaij.gk,
ot ox' ox'

With terrain given by (35), and the velocty:
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v=4sin(zx/x,)sin(2zwz/z,)e +sin(2xx/x,)sin(zrz/z,)e,,
where x,=20 Ax, is the length of horizontal domain, z, is
the height of the domain, we calculate the local change of
velocities (i,V,W) and (#,V,W) in the terrain following
coordinates. Then, they are converted to the Cartesian
coordinate according to (21) and (31) to compare with
(u, v, w) calculated from the Cartesian coordinate. The
numerical results of time-derivative of x-component ve-

locities in Figure 7 show that ( 321, 322, f) is better than

(x',X%,X°) as expected.

Figure 7. Local time derivative of u: black lines from
Cartesian coordinate, red from (48) based on (X, 7,%)
coordinate, and blue dots based on (J_C» y ,7) coordinate

The conventional flux form of momentum in the curvi-
linear is
opv 1 0

=
ot Jox

Aink 5gj

(Jpﬁiﬁj)—gkvv ——gj~gia—p+..

& %'
(49)
In the Cartesian coordinate, the component momentum
over the entire domain (ZLti pdv) in (46) is conserved
with F;=0. 3 p@dv in (47) is also conserved if Q = 0.
But (49) is not conserved with F,= 0 """, it is also quite

complicated. In the curvilinear systems, we may use the
divergence operator to present the flux form of the equa-
tions, i.e.,

oy 1 0
o V- (wy)=—-
o WV

0
ox’

" 1 »
Jyv')=——— (N’
(Jyv') 7 ()

(50)

48 Distributed under creative commons license 4.0

where 7/ =y v/ W = p in (39), ¥ = pb in (47),
and ¥ = PU; in (46) where v, is the i-component veloc-
ity in the Cartesian coordinate. Eq. (50) is much simpler

than (49) and can be solved easily. Eq. (48) and (49) can
also be written:

a(PJ):_é(p‘mi) (51)
ot ox'
and
o(pJu,)  opJiu,
(at ]):_ (a),el J)+F*j (52)

The total mass is conserved in (51), and total momen-
tum along each component (u;, in Cartesian coordinate) is
also conserved with ;=0 in (52). They can be calculated
as divergence operator in the previous section. The Navi-
er-Stokes equations including forcing terms can be solved
by the finite volume method

5. Summary

Here we provide the derivations of a terrain following
coordinate, in which the gradient is calculated along the

. 0 ‘ . .
coordinate curves, %, with a variable spatial interval
X

Ox’ . The results obtained from the gradient, divergence

and curl are consistent with those derived from the Carte-
sian grids. On the other hand, the system proposed by Gal-

Chen and Somerville and others with §%/ = Sx’/ along

the horizontal coordinate, introduces significant errors in
divergence and curl over the sloped terrain.

When the proposed terrain following coordinate is
applied to the Navier-Stokes equations, the results agree
with those calculated from the Cartesian coordinate. On
the other hand, discrepancy shows in the popular terrain
following coordinate. Meanwhile the total mass, momen-
tum, and energy become conserved by using a modified
flux form of (51-52). It is also noted that the chain rule
proposed by Kasahara works well for gradient, diver-
gence, and curl operators, but they do not conserve the
total mass, momentum, or energy when they are applied
to the Navier-Stokes equations.
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