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1. Introduction

Recently, various complex-valued network models
with or without time delays have been studied "***"
For example, Ji et al. have investigated the following
complex-valued Wilson-Cowan neural network model:

w'l(t) =—w, (1) +a1g(w1(t)) +a2g(w2(t—1')) +P
wé(t)=—w2(t)+a3g(wl(t—1))+a4g(w2(z‘))+Q M

By using proper translations and coordinate transfor-
mations, system (1) has been decomposed the functions
g(w,). &(w,)and a,a,, a, a, into their real and im-
aginary parts, thus an equivalent real-valued system has
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For a tridiagonal two-layer real six-neuron model, the Hopf bifurcation
was investigated by studying the eigenvalue equations of the related linear
system in the literature. In the present paper, we extend this two-layer real
six-neuron network model into a complex-valued delayed network model.
Based on the mathematical analysis method, some sufficient conditions
to guarantee the existence of periodic oscillatory solutions are established
under the assumption that the activation function can be separated into its
real and imaginary parts. Our sufficient conditions obtained by the mathe-
matical analysis method in this paper are simpler than those obtained by the
Hopf bifurcation method. Computer simulation is provided to illustrate the
correctness of the theoretical results.

been constructed. Then, the sufficient conditions for the
Hopf bifurcation and its directions were provided '"'. Hang
et al. have investigated a two-node network system as

follows ™:

Daz (1) ==z, (D) +af (z,(1=0) ) +bf (2,(1=1))

2
Dazy(1) == pyzy (D) +of (2,(1=0) ) +df (z,(1-7D)) @

About the dynamical behaviors, local asymptotical
stability and the Hopf bifurcation were studied, the
important conditions of emergence of bifurcation were
also given. Li et al. "lextended a real-valued network
model into a complex-valued model as the following:
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(N ==z () +b,f (2,(1=0) ) +b,,f 12[/ F(I—.v)zz(s)ds]
] ©)

t
2 (1) ==2,() +byyf 5 (2,(1=7)) +b22f22[f F(t=5)z,(s)ds

Regarding the discrete time delay as the bifurcating
parameter, the problem of the Hopf bifurcation in the
newly-proposed complex-valued neural network model
was investigated under the assumption that the activation
function can be separated into its real and imaginary parts.
Based on the normal form theory and center manifold
theorem, some sufficient conditions which determine the
direction of the Hopf bifurcation and the stability of the
bifurcating periodic solutions were established. Zhang
et al. have considered a complex value delayed Hopfield
neural networks model *;

zi(t)=(a+ib)zl(r)+(c+id)f z2(t))+(m+m)f w, (t—1)

( !
2y(1) =(a+ib) 2,(1) + (c+id) f(2,(1) ) + (m+in) f

(
2 () =(a+ib)z, (1) + (c+id)f(z(1))+
w (1)

( )
(wz(t—r))
(D) =(a+ib)z,(D) + (c+id) f ( )
( )

ZA(I))+(m+m)f wy(1=1)

(m+in)f(w,(t—1)

4

=(a+ib)w, (1) +(c+id)f(w2(t))+(m+m)f(zl(r—r))
wo (D) =(a+ib)w, (1) + (c+id) f(wy(0)+ (m+in)f(z(1=1))
w%(t) :(a+ib)w3(t) +(c+id)f(w4(t))+(m+m)f(z3(r—r))
w:‘(r)=(a+ib)w4(t)+(c+id)f(wl(t))+(m+in)f(z4(t—r))

By using the basic bifurcation theory of delay
differential equations, and the theory of Lie groups, the
authors have discussed the bifurcating periodic solutions.
The existence of multiple branches of the bifurcating
periodic solution was also provided.

In this paper, we extend a real six-neuron network ' to
the following complex-valued model:

(== (a+ib)z (D +0mtin )f | (2,=0)) + (mg+in ) f | (25(1-D))
2,(0) == (aytiby) 2, (0 + (ot iny ) [ 5, (2,(1=0) ) + (mygtiny) f oo 25(1=0))
+(m, +m2,,)f25(z,,(t—r))

2 (D == (aytib) (0 + (myting) [ (25(1=0) ) + (myetin) f 1 20(1=0)) )

2 (== (a,ib)z, () + (mytin ) f 4 (2,(1=0) ) + (myy+in ) f o 2,(1=10))

2 (0 == (agtib)z () +(mg+ing)f 5 (2,(1=0) ) + (myy+ing) f (2,(1= 7))
+(m53+in53)j'53(z3(t—1))

2o == (agtib) 2g(D) + (mg+ing) f o 2,(1=1) )+ (mgg+ing) [ (25(1=)

where z = x; + iy} a;, b, my;, ny; are real numbers, /i are

, 6.We will discuss the

dynamic behavior of the solutions of system (5).

We point out that the bifurcating method is not
easy to deal with system (5) if all 4, b, my:
different real numbers. In this paper, by means of

activation functions, &, j=1, 2,

n are

the mathematical analysis method, we discuss the
periodic oscillation for system (5). For convenience, let
Flz(=0) =rB(x (=0, y (=0 ) +if [(x,(1=7),

— —fR 1 . .
y(t T))—fkj+f ((z=x+iy; ki j=1,2, ., 6)

Then the complex-valued system (5) can be expressed
by separating it into real and imaginary parts as the
following:

xl'(t)=—a|xl(t)+l7|yl(t)+ml4fR—n f’ +m fR—nl:f{S

yl'(/):—blxl(/)—alyl(/)+n JR+m 4f +n 5/R+ml5[{i

s/ 55+ Mgl 5= Mgl
st el Bt mod i

mmfz(,_"z(/‘g(,

y’(’)=_h (0D —agy 1(’)+"asz +'"15f +"va+m'4(f§(,

x (D ==ax, (D +by () +myfR—n, fl+muff—n,fl,

)’4(1)=—b4,\'4(1)—(14,4(/)+n4lf“+m41f§s+n4,/§z+m ,/22

ﬂjlerms,fR —-n 2f’ +1115J'R —ni.’fg3

y (t)=—b Ss(0) —agys (1)+n5]le+m5|_f§l+n JR+n1 2," +ny fR +m fj}

,\"(1)=—a2,\'2(l)+h7y7(1)+m24/'R 4/’ +m s
Y ==box, (1) —a,y () +ny fR+mfl +n S)‘R-f-m

,\3(1‘) =—axx (1) +b3y3(t) +m“f —nﬁf}5

(©)

x'(t) =—agx (1) +bgy(n +11151f

x()(t)——(/I\"x{)(t)+I7Ervh(t)+m{2ff7 nmf +mg f <73f(73

Yol ==bexe(D) —ag (1) +ngf §+mef+ngf (»3+ma3/.£3
Therefore, in order to discuss the periodic solution of
model (5), we only consider the periodic solution of
system (6). Suppose that the derivative of /f&(x;¥))
S #(x;-y;) with respect to *;and ¥,exist, continuous, and
FEC0.0) =0 f1(00)
is the following:

=0, Then the linearized system of (6)
x (D ==apx (0 +by (1) +px,(1)+q,y,(1)+p555(1,) +4,951,)

dyy (1) +esrs(1) +dsys(t)

X (D ==ayey (D +Dy (0 40,5, (1) + @52 4(1,) +Poss(1) + 959 s( 1)

V(D ==bpx (D —ap (D +e 1)+

+pa%( 1) Hdae¥ (1)
y2'(t) ==byx, (1) —a,y,(1) +(3Mx4(t7 +d,y, ( )+c25x5( )+d25v5( )
+06¥g( 1) T dage( 1)

X (D) ==apx (0 +by (0 +pyx (1) + a5 5(1) +P3exe( 1) +a3674( 1)
o0 ==byry() —agy (D) +eyers(1) +dyy (1) Feserg(1,) + dyeve( 1) 7)
x () ==ax (0 +by, (0 +pyx (1) +a,y (1) +pury(1,) +d,5(1,)
V(D ==bay () —ayy (0 +eyx (1) Hdyy, (1) Feny() Hdpyy(t)
x (D =—apx (0 +by (0 +psx, (1) +a5y,(1) +psy(1.) +a59,(1,)

+ps* 3( )""153v ( )
YD ==bgrg() —agy (0 +egpx (1) +dgy (1) +esyty(1) Hdsyy(1))
+F53X%( )+diiy ( )

xo(D) ==agro(D +bey (1) +pey(1) +aVo(1) +Peys( 1) +d65(1,)

V(D ==bra(n) —a (0 +cory(t) +dgyy(t)+cers(1,) +deys(t,)
of k (0. 0)
where ¥ () =x(1=7), y(t)=y,(1-1), p,g=ij
j
.0f{.j(0, 0) - of £(0, 0) ., of 1,0, 0) . of 1,00, 0) .
ki 0)6!. s Thi ki ayj ki dyj KTk ()Xj
af R(0, 0) of k ;0. 0) affé-( 0, 0)
my——> =" oy
d ox; 6yj axj
The matrix form of system (7) is the following:
U'(t) =AU(t) + BU(t-1) ®)
where U(t) =[x (1),y,(1), ..., x (1), y (D) 1T, U(t) =[x (t—

7),y,(t=1), 7),Y¢(t=7) 17, Both A and B are 12
by 12 matrices as follows:

. x6(l—
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—a, b, 0 000
S 0 000
0 0 -—a, 0 0 0
=(q.. =
( ‘1)12x12
0 0 —ag 0 0
0 0 0 —ag b
0 0 0 -b, —ag
0 0 0 g, 00
0 0 0 d, 00
0 0 0 935 P2 926
B=(b..) =
Y/ 2% 12
cs1 ds €52 0 0 0
0 0 Pea 0 0 0
0 0 cq o 0 o

2. Preliminaries

Lemma 1 Assume that @;>0, £,>0, f£(0, 0) =0, f7.(0,
0) =0, F(x,.y,)>0. 71(x.5)>0when x;>0, y,>0, while

ffj(xj,yj) <0, fij(xj,yj) <0 when x,;<0, y;<0 (k, j=1,2, .., 6),
C=A+ B is a nonsingular matrix, then system (6) has a
unique equilibrium.

Proof An equilibrium U* =[x}, y|, ... x0. ¥, 17 of sys-
tem (8) is a constant solution of the following algebraic
equation:

AU* + BU* =CU* =0 &)

Since C=A+ B is a nonsingular matrix, then system
(9) only has zero solution according to the linear algebra
basic theorem. Noting that / £(0, 0) =0, f {.(0, 0) =0 (k j=
1,2,...,6). Therefore, zero is a solution of system (6).
Obviously, zero is the unique equilibrium of system (6)
since f £(x7;) >0, f4{x,y,)>0 when x;>0. y;>0. while
ffj(xj,yj) <0, fij(xj,yj) <0 when ¥,;<0. y;<0 (k j=1 2 ... 6)

Lemma 2 Assume that f &(x,.5,). f1{x.5;) (k j=1,2,
...,6) are continuous bounded functions, ¢;>0. 5,>0
(k. j=1, 2, ..., 6) Then all solutions of system (6) are
uniformly bounded.

Proof Since f&(x,.v.). fL(x17)) (k j=1,2,...,6) are
continuous bounded functions, then from system (6) we
have
xjﬁ( < —ax()+by(n+N, ao)
YD S =bx (1) —ay () +N,

where N ;o IV, are some positive constants. It is easily to
see that all solutions of system (10) are uniformly bound-
ed since a;>0, b,>0 (k, j=1,2, ..., 6), implying that all

34

solutions of system (6) are uniformly bounded.

3. Main Results

It is known that the instability of the trivial solution of
system (7) guarantees the instability of the trivial solution
of system (6). Thus, we have the following theorems.

Theorem 1 Assume that Lemma 1 and Lemma 2 hold

for selecting parameter values of 4;, 2;,my, n,(k. j=1, 2.
- 6 Let the eigenvalues of matrices 4, B be a, and 4,
(j=1, 2, ..., 12) respectively. If there exists at least one

eigenvalue g, (k € {1, 2, ..., 12}) such that

a,= min |—a.|
p R k
k>0’ or Re(p)) > a,, where 1<j<6 J

system (6) generates a periodic oscillatory solution.

Then

Proof Obviously, we only need to consider the insta-
bility of the trivial solution of system (7). Suppose that
the eigenvalues of matrix 4 are a; then a;=—a +ib,
a,=-a,-— ibl, a,=-
—ag—ib. Therefore, the characteristic equation corre-

aytiby, .. ay=—agtib,a,=

sponding to system (8) is the following

12

IT(4-a-pe)=0 (11)

j=1

Noting that Re(a) =—a,<0  and there exists some
£>0 or Re(p) >a, thus system (11) has a positive real
eigenvalue or an eigenvalue which has a positive real
part. Therefore, the trivial solution of system (8) (or
(7)) is unstable according to the basic result of delayed
differential equation, implying that the trivial solution
of system (6) is unstable. Since system (6) has a unique
equilibrium point and all solutions are bounded, based on
the extended Chafee’s criterion **?), this instability of the
trivial solution will force system (6) to generate a limit

cycle, namely, a periodic oscillatory solution.
12

Now set 6= max {—a,+I=bl} b= max Zlbl.jl.
1<j<6 1<j<12i=1

Then we have

Theorem 2 Assume that Lemma 1 and Lemma 2 hold
for selecting parameter values of a , j , m o n (k, j=1, 2, ..., 6)-
If s

c+b>0 (12)

Then the unique equilibrium point of system (6) is
unstable, implying that system (6) generates a periodic
oscillatory solution.

Proof Similar to Theorem 1, we show that the trivial
solution of system (7) is unstable, then the trivial
solution of system (6) also is unstable. In system (7), let
6

v(n) =2, (lx(nl+ ij( 1) 1) ,then we have

j=1
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—dv[(ht) < ov(t) +bv(t—1) (13)
Corresponding to equation (13), we consider the
following equation
dw(n) _
= (14)

The characteristic equation associated with equation
(14) is
A=0+ be (15)
We claim that there exists a positive root of (15). Let
f(A) =4— 6—be Obviously, f(4) is a continuous
function of ;. When 1=0,we get f(0) =— 6—b=—(6+b)
<0 since o+ b>0. On the other hand, there exists a suitably

ow(t) + bw(t—r1)

-1 .
large 1 say 4,>0 such that £(4,)=4,— o—be”"">0 since

lim e_/1
/11—>OG
there exists a 4;€ (0, 4)) such that /(o) =4,
In other words, 4, is a positive characteristic root of
equation (15). Therefore, the trivial solution of equation
(14) is unstable. Noting that v(#) < w(r) . So the instability
of the trivial solution of (14) implies that the trivial
solution of system (7) (thus system (6)) is unstable. This
instability of the trivial solution such that system (6) has a
limit cycle, namely, a periodic oscillatory solution.

"=0. Based on the Intermediate Value Theorem,

-2

6—be "0"=0.

4. Simulation Result

This simulation is based on system (6). We first select
the parameters as @,=0.45, a,=0.65, ¢,=0.48, a,=0.35,a,=0.25,
a,=0.18, b =024, b,=056, b,=024, b,=032, b =0.45,
b6=0.32; m]4=0.56, m15=0.42,n14=—0.12, n,s=0.32 m
- 065, m,=036 m, =055 n,=032, n,=048 n, =025
my=—065 m, =045 n, ;=036 n, =036 m, =035 m,=0.58,
n, =035 n,=- 0.65 52=0.56, m53=0.32,

0 . 068 m
B 51
n51=0.45’n =-025n —0.25’m62_0‘48’m63=0.32,n62=0.12’

52 T, 53
ng,=— 0.18. The activation functions f { x;.v;) =(tanh(x;) +
tanh( yj)) + i( tanh(x,) + tanh(y)) ) thus ffj( X, yj) = fij( X,
Af £(0. 0)  af £(0,0)

24~

yj) =tanh( xj) +tanh(y), o ) =1 and
af (0. 0) =af;j(o, 0) a6l et
ox, 2y, (k, j=1,2,...,6), time delay is

0.5. We see that the eigenvalues of matrix B are 0.8903,
-0.8903, 0.7645+0.6458 i, -07645+0.6558 7, 0, 0, 0, 0, 0, 0.

Noting that there exists a positive eigenvalue 0.8903>a .
The conditions of Theorem 1 are satisfied. Based on
Theorem 1, there exists a periodic oscillatory solution
(see Figure 1). In order to see the effect of the time
delay, we change time delay as 1.5, the other parameters
are the same as in Figure 1, we see that the oscillatory

frequency and oscillatory amplitude both are changed

(see Figure 2). Then we change the activation function as

f kj( xj,yj) =( arctan( ) + arctan( Y; ) ) + i( arctan( x ) +

arctan(y/,)) thus we still have f =f1 (
' afR(O 0 afR(O 0)
= =1
yj) arctan(x.) +arctan(y.) o ™
of 10, 0) af (0, 0) ! /
and =1 (k, j=1,2,...,6), the
ij 6yj

parameters are the same as in Figure 2, we see that
the oscillatory frequency and oscillatory amplitude
both are changed slightly (see Figure 3). This means
that the activation functions effect the oscillatory
behavior not too much. Now we select another set of
parameters as @, =045, a,=1.15, a,=128 a,=042 a,=0.76,

a,=135 b =168 b,=065 b,=092 b ,=058 b,=075
b =085 m =125 m =076 n ,=—12 n =045 m,=-025
m, =056, m,=0.15, n, =038 n, —178 n,=0.25 m,=—195
my =045 n, =136 n, =024 m41=0.65, m,, =098 n, =045
N,==065 m =—078 m,=065 m,=085 n, =045
ngy=— 115 n=036 m,=128 m =032 n,=112 ng,=- 0.8,

The activation function is as in Figure 3, time delay is 0.6.
We see that 6 = — 0.5, b=7.44 .Therefore, 6+ b >0 holds.
Based on Theorem 2, there exists a periodic oscillatory

solution (see Figure 4).
4
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Figure 1. Oscillation of the solutions, activation function:
tanh (z), time delay: 0.5.
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Figure 2. Oscillation of the solutions, activation function: tanh (z), time delay: 1.5.
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Figure 3. Oscillation of the solutions, activation function: arctan (z), time delay: 0.5.
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Figure 4. Oscillation of the solutions, activation function: arctan (z), time delay: 0.6.

Conclusions

The paper has discussed the oscillatory behavior of the

solutions for a complex-valued neural network model with

discrete delay. By means of the mathematical analysis method,

36

two criteria to guarantee the existence of periodic oscillatory
solution are provided which are easy to be checked. In
this network, we decomposed the activation functions and
connection weights into their real and imaginary parts, so as
to discuss an equivalent real-valued system. The activation
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functions affect the oscillatory behavior slightly.
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