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Stochastic differential equation of the phase fluctuations is derived for the 
collision conductive magnetized plasma in the polar ionosphere applying 
the complex geometrical optics approximation. Calculating second order 
statistical moments it was shown that the contribution of the longitudinal 
conductivity substantially exceeds both Pedersen and Hall’s conductivi-
ties. Experimentally observing the broadening of the spatial power spec-
trum of scattered electromagnetic waves which equivalent to the bright-
ness is analyzed for the elongated ionospheric irregularities. It was shown 
that the broadening of the spectrum and shift of its maximum in the plane 
of the location of an external magnetic field (main plane) less than in 
perpendicular plane for plasmonic structures having linear scale tenth of 
kilometer; and substantially depends on the penetration angle of an inci-
dent wave in the conductive collision turbulent magnetized ionospheric 
plasma. The angle-of-arrival (AOA) in the main plane has the asymmetric 
Gaussian form while in the perpendicular plane increases at small anisot-
ropy factors and then tends to the saturation for the power-low spectrum 
characterizing electron density fluctuations. Longitudinal conductivity 
fluctuations increase the AOAs of scattered radiation than in magnetized 
plasma with permittivity fluctuations. Broadening of the temporal spec-
trum containing the drift velocity of elongated ionospheric irregularities 
in the polar ionosphere allows to solve the reverse problem restoring ex-
perimentally measured velocity of the plasma streams and characteristic 
linear scales of anisotropic irregularities in the terrestrial ionosphere.
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1. Introduction

Radiation of electromagnetic waves in the ion-
ospheric plasma is of great interest from both 
a theoretical and practical point of view. The 

geomagnetic field plays a key role in both the dynamic 
processes in the terrestrial ionosphere and irregularities 
having different spatial scales usually elongated along the 
lines of force of the geomagnetic field. Statistical methods 
have been proposed to treat radiation in randomly inho-
mogeneous media [1,2]. 

Phase structure functions and the angle-of-arrival 
(AOA) of scattered electromagnetic waves in the tur-
bulent magnetized plasma have been considered in [3,4] 
applying the stochastic eikonal equation. Investigation of 
the statistical moments in the turbulent conductive iono-
spheric plasma is of practical importance. Collision be-
tween plasma particles leads to the absorption of scattered 
radio waves. Components of the conductivity tensor in 
the homogeneous medium have been obtained [5] account 
being taken both declination and inclination angles of the 
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geomagnetic field. Second order statistical moments of 
a scattered radiation in the collision magnetized plasma 
were considered analytically and numerically in [6]. 

In the present work, section 2, the dispersion equation 
is derived calculating attenuation of oblique incident 
plane electromagnetic wave penetrating in a conductive 
homogeneous collision magnetized plasma. In section 3 
stochastic differential equation of the phase fluctuations 
is derived account being taken both dielectric permittiv-
ity and conductivity fluctuations satisfying the boundary 
conditions. Second order statistical moment – phase 
correlation function of scattered radiation is obtained for 
arbitrary correlation function of electron density fluctua-
tions. Broadening of both the spatial power spectrum (SPS) 
and temporal spectrum of scattered electromagnetic waves 
are investigated analytically in the conductive collision 
ionospheric plasma with randomly varying magnetoionic 
parameters using the complex geometrical optics approx-
imation. Numerical calculations are carried out in Section 
4 for modified spectral function containing both aniso-
tropic Gaussian and power-law correlation functions of 
electron density fluctuations including both the anisotropy 
factor and the inclination angle of elongated ionospheric 
irregularities with respect to the geomagnetic lines of 
force using  the experimental data. Results and discus-
sions are given in Section 5.

2. Formulation of the Problem

Vector of the electric field E  satisfies the wave equa-
tion: 

{ }2
0 ( ) ( ) 0i j ij ijkδ ε∇ ∇ −∆ − =jr E r  , (1)

where: 0 /k cω=  is the wavenumber of an incident 
wave with frequency ω ; ∆  is the Laplacian, ijδ  is the 
Kronecker symbol, ij ij ijiε ε σ= −  , 0(4 / )ij ij k cσ σ π≡

are the second rank permittivity and conductivity tensors 
of the turbulent conductive collision turbulent magnetized 
plasma, respectively, which are random functions of the 
spatial coordinates.  

The ambient external magnetic field 0H  is directed 
vertically upwards along the Z-axis (polar ionosphere), 
wave vector of a refractive plane electromagnetic wave 
in the absorptive random medium is located in the YOZ 
plane (main plane) of the Cartesian coordinate system. We 
suppose that 2 2(1 ) .s u<< −  Components of the second 
rank permittivity tensor and conductivity tensors of the 
magnetized plasma are [7,8]: 

xx yy iε ε η η′= = −   , xy yxε ε µ µ′= − = −  , zz iε ζ ζ ′= −

where: 1η = −∆ , 1 (1 )s uη σ⊥′ = ∆ + +  , 12 s uµ′ = ∆ , 

Huµ σ= ∆ +   ,   1 vζ = −  ,   ||v +sζ σ′ =   , 

2
||

1 1

e e m i
e N

m m
σ

ν ν
 

= + 
 

, 

2
2 2 2 2( ) ( )

e i

e e e i i i
e N

m m
ν ν

σ
ν ω ν ω⊥

 
= +  + + 

, 

2
2 2 2 2( ) ( )

e i
H

e e e i in i
e N

m m
ω ω

σ
ν ω ν ω

 
= −  + + 

 , 

v / (1 )u∆ ≡ − , 2
1 v / (1 )u∆ ≡ − , 

2 2v( ) ( ) /pω ω=r r  and 
2

0( / )eu e H m cω=  are magneto-ionic parameters of the 

ionospheric plasma, 
1/22( ) 4 ( ) /p e eN e mω π =  r r is the 

plasma frequency, ( )eN r  is the electron density which 
is a random function of the spatial coordinates, e and em  
are the charge and mass of an electron, c is the speed of 
light in vacuum, /effs ν ω=  is the collision frequency 
between plasma particles; ||σ , σ⊥  and Hσ  are the lon-
gitudinal, transverse (Pedersen) and Hall’s conductivities, 
respectively, ,e iν  is the electron or ion collision frequen-
cy with the neutral molecules, eω  and iω  are the angular 
gyrofrequencies of an electron and ion, respectively; im  
is the mass of ion. At high frequencies the influence of 
ions can be neglected. 

If oblique incident plane wave penetrates into homoge-
neous conductive collision magnetized plasma at arbitrary 
refractive angle θ  to the external magnetic field 0H
from equation (1) we obtain set of equations:

2 2
2 1 2 1( ) ( ) 0xx x xy y zt t E t t E t t Eε ε+ − − + − =  , 

2 2
1 2 1 2( ) ( ) 0yx x yy y zt t E t t E t t Eε ε+ − + − + =   , 

2 2
1 2 1 2( ) 0x y zz zt t E t t E t t Eε+ − + − =  , (3)

where:  0 0 1sin sinxk k N k tθ ϕ= = ,  2 2 2 2
1 2t t t N+ + =  ,

0 0 2sin cosyk k N k tθ ϕ= =

,   0 0coszk k N k tϕ= = ; 
ϕ  is the polar angle between the projection of an incident 
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wavevector 0k  on the XOY plane and the Y axis. Com-
plex refractive index [9] of the collision magnetized plas-
ma: 2 2 2 2

1 2( æ)N N i N i N= − = −  contains the refractive 
coefficient of homogeneous plasma N∗  and the absorp-
tion coefficient æ :

2
1

v (1 v)1 2N −
= −

ϒ
, 2

2 2
v [ 2(1 v)(v 2) ]N s= ∆ + − −
ϒ

,  (4)

where: 2 2 4 22(1 v) sin sin 4 (1 v)u u uθ θϒ = − − ± + − ⋅   

1/22cos θ ⋅  , signs 
" "±

corresponds to the ordinary and 

extraordinary waves. Determinant set of equations (3) is:

4 2
1 2 3 4( ) ( ) 0t D i D t D i D+ + + + =  , (5)        

where:  1 2 1 2 1 2( ) ( )D i D C C i C Cζ ζ ζ ζ ′ ′+ = − + + ⋅ 
   

2 2 1( )ζ ζ −′+ ,    

2 2 1
3 4 1 2 1 2( ) ( ) ( )D i D e e i e eζ ζ ζ ζ ζ ζ − ′ ′ ′+ = − + + ⋅ + 

    , 

2 2 2
1 1 2( ) ( ) sin 2( )C N Nη ζ η ζ θ ηζ η ζ ′ ′ ′ ′= + − + − − 

 

  ,   

2 2 2
2 1 22( ) ( ) ( ) sinC N Nηζ ζ η η ζ η ζ θ ′ ′ ′ ′= + − + + + 

 

  , 

2 2 2 2 2 2 2
1 1 1( sin )( sin )e N Nθ ζ η θ η η µ′= − − + + −

    

4 4 2 2
2 1sin (2 2 sin )N Nη θ ζ ηη µ µ η θ′ ′ ′ ′− + − −    

2 2 2 2 2
2 1 1sin ( sin ) sin 2N N Nθ θ ζ η η θ ηη ′ ′ ′− − + − −



  

]2µ µ ηζ′ ′− −  , 

2 2 2 2
2 1 1( sin )( sin 2 2 )e N Nθ ζ η θ η η µ µ′ ′ ′= − − + + +

   

4 4 2 2 2 2 2
2 1sin ( sin )N Nη θ ζ η θ η η µ′ ′ ′+ + − + + −    

2 2 2 2 2 2
2 1 1sin ( sin ) sinN N Nθ θ ζ η η θ η− − + − +



    

2 2 2 2
2) sinNη µ ζ η θ ′ ′ ′+ + +  .  

The solution of equation (5) 0/zk k  determines the at-
tenuation of an incident wave propagating in the collision 
conductive homogeneous plasma for arbitrary angle θ .  

3. Statistical Moments in the Conductive Col-
lision Magnetized Plasma

In this section calculating the statistical characteristics of 
scattered electromagnetic waves we suppose that the char-
acteristic spatial scale of elongated ionospheric irregulari-
ties exceeds the wavelength λ  of an incident wave. This 
assumption enables to use the complex geometrical optics 
approximation ignoring the interaction between the nor-
mal waves account being taken that the phase fluctuations 
substantially exceed the amplitude fluctuations. Appli-
cation of this method impose well-known restrictions on 
the distance traveled by the wave in the inhomogeneous 
medium. Wave field introduce as [9] 

[ ]( ) ( ) exp ( )i iE A i ϕ=r r r  ,ϕ ϕ( ) ( ) ( )r τ r r= + =k N0 1
  

0 1( sin cos ) ( )k N y zθ θ ϕ= + + r  , (6)

here: 1( )ϕ r  is the phase fluctuation of a scattered wave, 
0 1( ) (1 ( ))e eN N n= +r r , 0eN  is constant value, 1( )n r  

is a random function of the spatial coordinates. Dielectric 
permittivity is a sum of the constant mean and fluctuat-
ing terms ik ik ikε ε ε ′=< > +    ( ik ikε ε ′< > >>  , the angular 
brackets indicate the ensemble average). The second term 
contains 1( )n r  can be obtained from equation (1).  

Substituting equation (6) into (1) fluctuating phase sat-
isfies stochastic differential equations:

1 1
0 1( ) ( ) ( ) ( )z z y ya i a a i a k A i A n

z y
ϕ ϕ∂ ∂′ ′ ′+ + + = +
∂ ∂

r

  , (7) 

where: 2 2 2
1 1 1sin ( ) ( ) ( )sinya N N Nθ η η ζ ζ η θ= − + + −

 

    

2µ −   , 2 2 2
1 1 1cos 2 ( ) ( )sinza N N Nθ ζ η ζ η θ = − + − 

 

  , 

{ 2 2
1 2 1sin ( ) ( ) ( ) ( )ya N N Nθ η ζ η η η ζ′ ′ ′ ′= + − − − + +

    

DOI: https://doi.org/10.30564/jees.v2i1.1763



24

Journal of Environmental & Earth Sciences | Volume 02 | Issue 01 | April 2020

Distributed under creative commons license 4.0

}2 2 2
1 2( ) ( ) sin 2N Nη ζ ζ η θ µ µ ′ ′ ′+ − − − − 



  , 

{ 2 2
1 2 1cos 2 ( ) ( )za N N Nθ ζ η η ′ ′= − − − + 



  

}2 2 2
1 2sin ( ) ( )N Nθ η ζ ζ η ′ ′+ − − − 



 , 

4 2 2 2 2 3
1 1 2 1 1 1 2( 6 ) ( cos sin ) 4A N N N N Nζ θ η θ= − + +  

2 2 2 2 2
1 2 1( cos sin ) ( ) (1 cos ) (N Nζ θ η θ θ ηζ′ ′ ′⋅ + − − + +   

2
1 1 1 1 1) 2sin ( )ζ η ζ η ζ η θ ηη η η µ µ ′ ′ ′ ′ ′ ′+ + − + − + +



   

2
1 2 1 1 1 12 (1 cos ) ( )N N θ η ζ ηζ ζ η ζ η′ ′ ′ ′+ + − + + +

  

2 2 2 2 2
1 2 1 12 sin ( 2 2 ) ( )N N θ η η ηη µ µ η η′ ′ ′ ′+ + − + − −   

2 2
1 1 1 12 ( ) 2 2( )ζ ηη ζ µ µ ζ µ µ ζ ηζ η ζ′ ′ ′ ′ ′ ′ ′⋅ − − − − − ⋅

    

2 2
1 1 12( ) 2 ( ) ( )η ηζ η ζ η ηζ ζ η η µ µ′ ′ ′ ′ ′ ′ ′⋅ + − − + + − ⋅ 

    

2ζ µζ µ′ ′⋅ + 

 . 

Double Fourier transformation and the boundary condi-
tion 1 0| 0zϕ = =  yield the solution of equation (7): 

1 0( , , ) ( ) exp( )x y x yx y z k D i E d k dk i k x i k yϕ
∞ ∞

−∞ −∞

= + +∫ ∫  

1 x y
0

( , , ) exp ( ) ( )
L

yd n k k L a i b L kξ ξ − + − ∫  , (8)

here L  is the distance propagating by the wave in the 
conductive collision magnetized plasma satisfying the 
condition 0 0a k L k l<<  ( l  is the characteristic spatial 
scale of electron density fluctuations),  coefficients: a , b
, D  and E  are: 

( )1 2
3

tga i b i tgθ θ− + = −Ψ + Ψ
Ψ

, 

( )4 5
3 1

1
2 cos

D i E i
N θ

+ = Ψ + Ψ
Ψ

 , (9)

where:  1 y z y za a a a′ ′Ψ = −   ,  1 y z y za a a a′ ′Ψ = +   ,  

2 2
3 z za a′Ψ = +  , 4 z zA a A a′ ′Ψ = +

  ,  5 z zA a A a′ ′Ψ = −  .

If wave propagates along the ambient external magnet-
ic field ( 0θ = ) 0a i b− + = , i.e. no dumping caused due 
to conductivity fluctuations; at angle 045θ =  we obtain 

0.02 0.67a i b i− + = ± + .  Scattered electromagnetic 
waves dumped stronger in proportion to the angle θ .

Correlation function of the phase fluctuations is:

 1 1( , , ) ( , , ) ( , , )x y x y zz zx y x yVϕ ρ ρ ρ ϕ ρ ρ ρ ϕ ρ∗= < + + >   

2
0

2 2 1
2 ( , , )

2
( ) y N x y y

y
xk d k d k W k k b k

a k
D Eπ

∞ ∞

−∞ −∞

= −+ ∫ ∫  

 1 exp( 2 ) exp( )y z x x y y z za k i k i k i kρ ρ ρ ρ− − +  +   , (10)

where xk  and yk  are components of the wavevector 
perpendicular to the external magnetic field, xρ  and yρ  
are the distances between observation points spaced apart 
at a small distance in the main and perpendicular planes, 
respectively. The regular phase difference between two 
observation points are neglected. Equation (10) includes 
both field-aligned ||l  and transversal l⊥  characteristics 
linear scales of anisotropic electron density irregularities. 
If 1zya k ρ < , exponential term in (10) can be expended 
into a series. In this case statistical characteristics of the 
phase fluctuations are proportion to the distance L travel-
ling by the wave in the turbulent plasma. This statement is 
valid beyond of its application [1,2].

In the theory of waves propagation in the turbulent ion-
osphere usually are interested in both amplitude and phase 
fluctuations, however in different type systems the regis-
tering parameter is the frequency. In general, the intensity 
of frequency fluctuations of scattered electromagnetic 
waves depends on: 1) the geometry of the task (thickness 
of a turbulent conductive collision magnetized plasma 
slab, angle between the wave vector of an incident wave 
and the ambient magnetic field; 2) characteristics spatial 
scale of elongated plasmonic structures (account being 
taken anisotropy factor and the inclination angle of iono-
spheric irregularities with respect to the external magnetic 
field); 3) absorption caused by the collision of electrons 
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with other plasma particles. In this case frequency fluctu-
ations caused due to scattering on the turbulent plasmonic 
structures put natural restrictions on the accuracy of mea-
surements. 

The spatial power spectrum (SPS) is the 3D Fourier 
transformation of the correlation function of a scattered 
radiation [2]. This second-order statistical moment is equiv-
alent to the brightness which usually enters the radiation 
transport equation. It is characterized by broadening in the 
main YOZ and perpendicular planes [3,4]:

2

2x
x

Vϕ
η

= −
∂

Σ
∂

 ,   
2

2y
y

Vϕ
η

= −
∂

Σ
∂

  , (11)

where: x x xkη ρ=  and y y ykη ρ=  are non-dimension 
parameters.

Knowledge of the phase correlation function allow to 
calculate broadening of temporal spectrum of a scattered 
radiation:

22 2 2
0 00

( )
( ) cos sin

V
V V ϕ

ϕ
ρ

ρ θ θ
ρ

′ 
′′< Ω > = − + 

 
, (12)

here: ρ  is the distance between the observation points 
in the plane perpendicular to the direction of wave propa-
gation, 0θ  is the angle between the vector ñ  and the drift 
velocity 0V  of the frozen in plasmonic structures. In this 
case new allocated direction is appeared – the velocity 
of the ionospheric irregularities. From equation (12) it is 
possible to calculate and measure horizontal drift velocity 
of the plasmonic structures if other parameters are known 
and vice-versa. 

Phase fluctuations are responsible for fluctuations of 
the AOA which can be measured by interferometer sys-
tems. As a part of a radar propagation effects program at 
the Millstone Hill radar facility [10]. AOA has been mea-
sured with a single mono-pulse tracking system. Structure 
funct ion ( , , ) 2 (0,0, ) ( , , )x y x yD L V L V Lϕ ϕ ϕρ ρ ρ ρ = −   
allows to calculate AOAs in the main and perpendicular 
planes:

2
20

( ,0, )
lim
x

x
x

x

D Lϕ

η

η

η→
< Θ >= , 

2
20

(0, , )
lim
y

y
y

y

D Lϕ

η

η

η→
< Θ >=  , (13)

where: 0x xkη ρ=  and 0y ykη ρ=  are nondimensional 

parameters.

4. Numerical Calculations

Incident electromagnetic wave has frequency 3 MHz. 
Magnetoionic plasma parameters at the altitude of 260 km 
are: 0 0.22 ,u = 0v 0.28= , 2 610nσ

−=  [11]. We will use 
the anisotropic power-law spectral correlation function of 
Ground-based radar system observations [12] showed that 
plasmonic structures in the terrestrial ionosphere having 
linear scales in the interval (10 km 100m)> λ > are char-
acterized by spectral indices in the range of 4.8 0.2− ± , 
both in the vertical horizontal directions. For irregularities 
in 20 m to 200 m scale size range spectral power could be 
presented by the Gaussian function. 3D spectral correla-
tion of electron density irregularities combining anisotro-
pic Gaussian and power-law spectra [13] is:   

32
||

5/2 /22 2 2 2 2 2
||

( )
8 1 ( )

pn
n p

x y z

A l
W

l k k l k

σ
π χ ⊥

= ⋅
 + + + 

k  

2 2 2 22 2
|| || 2

1 2 3 ||exp
4 4 4

y zx
y z

k l k lk l
p p p k k l⊥

 
 − − − +
 
 

, (14)

where: 
2
nσ  is the mean-square fractional devia-

tion of electron density. This spectral function contains 
anisotropy factor || /l lχ ⊥=  (the ratio of longitudinal 
and transverse linear sizes of ionospheric plasma irreg-

u l a r i t i e s ) ,  2 2 2 1 2 2
1 0 0(sin cos ) 1 ( 1)p γ χ γ χ− = + + −

2 2 2
0 0sin cosγ γ χ− ⋅  , 2 2 2 2

2 0 0(sin cos ) /p γ χ γ χ= + , 
2 2 1

3 0 0( 1) sin cos ( 2 )p χ γ γ χ −= − , 0γ  is the orientation 
angle of elongated ionospheric plasma irregularities with 
respect to the magnetic lines of force; zk  indicates field 
aligned wave number. A spheroidal shape of plasmonic 
structures is caused due to the difference of the diffusion 
coefficients in the field aligned and field perpendicular di-
rections. These irregularities are quite readily observable 
in the presence of strong artificial and/or natural perturba-
tions in the terrestrial ionosphere.

Experimentally observable power-law spectral correla-
tion function of the electron density fluctuations has the 
following form:

32
||

5/2 /22 2 2 2 2 2
||

( )
8 1 ( )

pn
n p

x y z

A l
W

l k k l k

σ
π χ ⊥

=
 + + + 

k , (15)
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where: 
5 ( 3)sin

2 2 2p
p p pA π− −     = Γ Γ          

 , ( )xΓ is 

the gamma function. In the polar ionosphere geomagnetic 
field lines are oriented almost vertically formatting elon-
gated vertical plasmonic structures. Characteristic spatial 
scale of electron density irregularities ranges from hun-
dreds of meters to ten kilometers. The geomagnetic field 
of the high-latitude ionosphere plays an important role in 
the process of plasmonic structures generation. The inci-
dent electromagnetic wave propagating in the conductive 
randomly inhomogeneous ionospheric plasma makes an-
gle  θ  with an external magnetic field in the main plane. 

The solution of the biquadratic equation (5) at ijs σ<<   
gives the attenuation of electromagnetic waves propagat-
ing in the homogeneous conductive collision magnetized 
plasma exp( ) = exp( )~ i i ′ ′′− − +E k r k r k r  We have 
four roots:

2 2
1,2 (1 0.02sin ) 0.16cost iθ θ = ± − +    and  

2 2
3,4 (0.3 1.64sin ) 0.9 sint iθ θ = ± − −   . (16)  

Attenuation of electromagnetic waves in the conduc-
tive homogeneous plasma substantially depends on the 
refractive angle of the penetrated wave vector and the ex-
ternal magnetic field. For our model the imaginary part of 

it  ( 1...4)i = ) varies from 0.41 up to 0.86 in the interval  
0 00 90θ≤ ≤ .
One of the important problem of plasma turbulence in 

the upper ionosphere is the three–dimensional (3D) spa-
tial spectra of the turbulence at various latitudinal regions 
describing the evolution of the statistical characteristics 
of scattered radiation. Spectral shape of irregularities in 
F–region of the ionosphere could be presented as a prod-
uct of two functions having various dependencies on the 
wavenumber parallel ||k  and perpendicular ⊥k  to the 
geomagnetic field (the spectra have various inner scales 
in these directions). The spatial anisotropy of turbulence 
spectra for the geomagnetic north–south (N–S) and E–W 
directions has been studied in [14]. Cross-field anisotropy, 
whose scale is varying from 0.5l⊥ > km to 5 10l⊥ > ÷ km 
plays a significant role in the phase fluctuations, where 
the N–S component of phase fluctuation spectra reaches 
the saturation. Irregularities of ionospheric F-region are 
strongly stretched along the geomagnetic field.  

Figure 1. The broadening of the spatial power spectrum 
versus anisotoropy factor for different linear scales of 

ionospheric irregularities

Numerical calculation of the broadening of the SPS are 
carried out for the spectrum (14).

Figure 1 illustrates the broadening of the SPS of scattered 
electromagnetic waves for different characteristic spatial 
scales of elongated plasmonic structures: curve 1 corresponds 
to the || 3l = km, curve 2 is devoted to the || 6l = km, curve 
3 - || 9l = km at inclination angle of elongated ionospheric 
irregularities 0

0 30γ =  and refraction angle of an incident 
wave 030θ = . Increasing parameter ||l , the SPS in the 
XOZ plane broadens and its maximum shifts to the right due 
to conductivity fluctuations. Maximum of the curve 1 is at 

11χ = , for curve 2 at 18χ = , for curve 3 at 25χ = .
Numerical analyses show that the broadening of the 

SPS decreases inversely proportion to the linear scale of 
ionospheric irregularities in the main YOZ plane due to 
both external magnetic field and longitudinal conductivity. 
Particularly, varying parameter in the interval  ||3 9l≤ ≤  
km, shift of maximum of the SPS is at 4,χ =  the broad-
ening approximately is the same, but two order less than 
in the perpendicular XOZ plane.

Figure 2. The broadening of the SPS versus anisotropy 
factor of elongated ireegularities for different inclination 

angle 0γ
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Figure 2 depicts the broadening of the SPS in the main 
YOZ plane. Curve 1 corresponds to the field-aligned 

0
0( 0 )γ =  elongated ionospheric irregularities having 

characteristic linear scale || 80l = km, refraction angle of 
an incident wave in the conductive collision turbulent 
magnetized plasma is equal to 030θ = . Increasing angle 
in the interval 0 0

00 15γ≤ ≤  broadening decreases, how-
ever maximum of these curves is at 4χ = . That is for 
large-scale plasmonic structures inclination angle have 
no influence on the broadening of the SPS and shift of its 
maximum. Numerical calculations show that for the same 
parameters SPS substantially broadens: 0.07xΣ =  at 

0
0 0γ =  , while 0.44xΣ =  at 0

0 15γ = . All curves reach 
maximum at 18χ ≈ .

Figure 3. The broadening of the SPS versus anisotropy 
factor of elongated ireegularities for different refraction 

angle θ in the XOZ plane

Figure 3 illustrates the broadening of the SPS in the 
XOZ plane for plasmonic anisotropic structures hav-
ing characteristic spatial scale 6 km, inclination angle 

0
0 15γ =  with respect to the geomagnetic lines of forces. 

Curve 1 is devoted to the refraction angle 015θ = , curve     
2 - 030θ = , curve 3 - 036θ = . Analyses show that the 
broadening of the SPS substantially depend on the refrac-
tion angle of penetrating incident electromagnetic wave 
in the conducive turbulent plasma: this statistical charac-
teristic decreases 0.74 0.08xΣ = ÷ inversely proportion to 
the angle 0 015 36θ = ÷ , maximums of these curves shift 
to the left 18 15χ = ÷ . In the YOZ plane for the same 
parameters ( 0

0 15γ =  and || 6l = km) the broadening of 
the SPS less than in previous case: in the interval of the 
refraction angle 0 08 30θ = ÷ the broadening in the main 
plane 0.04 0.01yΣ = ÷ , anisotropy factor is in the interval 

6 4χ = ÷ .
The electron density irregularities were studied by mea-

suring the intensity fluctuations at the frequencies 430 and 
1400 MHz at the Arecibo Observatory [14]. It was found 

that large-scale electron density irregularities aligned 
with the geomagnetic field having dimensions longer 
than ~2 km along and several hundred meters across the 
geomagnetic field were formed in the F-region of the ion-
osphere. From the observed power spectra drift velocities 
of irregularities were observed. Since the irregularities are 
believed to be at a height of ~ 260 km the drift velocity of 
the irregularities ~ 46 m/sec (eastwards). Measurements 
of plasma drifts performed at Jicamarca show [15] that the 
zonal drift is westward and about 50 m/s during the day, 
and eastward and up to 130 m/s during the night.

Figure 4. Broadening of the temporal spectrum  versus 
distance between observation points for different anistoro-

py factor x

Figure 5. Broadening of the temporal spectrum versus an-
isotropy factor χ at different characteristic spatial scales 

of elongated plasmonic structures

Figure 4 illustrates the normalized temporal spectrum 
versus distance between observation points xη  in the XOZ 
plane for different anisotropy factors: 5χ =  (curve 1), 

10χ =  (curve 2), 20χ =  (curve 3), 30χ =  (curve 4) for 
the power-law spectrum (15) at 100ξ =  (i.e. || 16l =  km). 
The width of the temporal spectrum narrows in proportion 
to the parameter χ  in the perpendicular plane

Figure 5 depicts the broadening of the normalized 
temporal spectrum versus anisotropy factor at fixed dis-
tances between observation points 30xη = , 30yη =  
, 030θ =  and different characteristic spatial scales of 
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ionospheric irregularities. Substituting equation (13) into 
(11) the normalized broadening of the temporal spectrum 

2 2
0/V∗Ω ≡ < Ω >  is expressed via 3/2 ( )K x  McDonald 

function. Increasing drift velocity of the ionospheric 
elongated plasmonic structures, temporal spectrum of 
scattered electromagnetic waves broadens. Curve 1 cor-
responds to 50ξ =  ( || 800l = m), curve 2 is devoted to 

80ξ =  ( || 1,3l = km), curve 3 - 150=ξ ||( 2,4l = km). 
Increasing characteristic spatial scale of ionospheric ir-
regularities from || 800l =  m up to || 2,4l =  km, temporal 
spectrum broadens 1.4 times

Temporal spectrum broadens in proportion to the re-
fractive angle for large-scale plasmonic structures. Starting 
from 1=χ  (isotropic case) temporal spectrum of scat-
tered radiation increases, reaching maximums the curves 
smoothly decreases in proportion to the anisotropy factor 
of elongated ionospheric irregularities. The reason is that 
in the geometrical optics approximation, in non-absorbing 
medium (neglecting fluctuations) when both amplitude 
and phase Φ  are real quantities, vector of the energy-flux 
density and the vector ∇Φ  are collinear and directed to 
the normal to the phase front, while in absorptive media 
(collision conductive magnetized plasma) the direction of 
wave propagation 1∇Φ  and the direction of fast dumping 
of the wave 2∇Φ  are not coincide [4].  On the other hand, 
according to the frozen-in hypothesis disregarding fluctua-
tions of the drift velocity of ionospheric inhomogeneities, 
at transversal motion of inhomogeneities 100V⊥ = 1m s−⋅
the width of the spectrum /V Lλ⊥∆Ω =  is of the order 

of 23 10 −⋅ Hz which is in agreement with [16].

Phase structure function allow to calculate AOAs of 
scattered radiation in the conductive turbulent magnetized 
plasma for different orientation of the observation points. 
Numerical calculations are carrying out for experimentally 
observing power-law spectral function of electron density 
fluctuations using the experimental data. The AOA in the 
main and perpendicular planes are given by:   

2 2 2
2 2 0

2 24 1x n
k L D E

b
χ

σ
ξ χ

+
< Θ >=

+
 , 

2

2 2 2 2
1

8 (1 )
y

x b

Θ π
Θ χ

< >
=

< > +
 . (15)

From this equation follows that the AOA in the 
XOZ plane exceeds the AOA in the main plane. Figure 
5 and Figure 6 illustrate the dependence of the AOAs  

2
,x y< Θ >  versus anisotropy factor χ  at 100ξ =

||( 1.6l = km). Curve 1 corresponds to the angle 010θ = , 
curve 2 - 012.5θ = , curve 3 - 015θ = . Numerical calcu-
lations show that 

2
x< Θ >  tends to the saturation starting 

at 20=χ  (see Table 1), while 
2
y< Θ >  has the asym-

metric Gaussian form, reaching maximums the curves 
fast decrease. Particularly, at 010θ =  the curve 1 reaches 
maximum at 7.85χ = , 

2
max 22 19y ′ ′′< Θ > = ; curve 2 

has maximum at 6.22χ = , 
2

max 16 32y ′ ′′< Θ > = ; curve 
3 has maximum at 4.96χ = , 

2
max 1 14y ′ ′′< Θ > = . In-

creasing angle θ  maximum of the AOA in the main plane 
decreases and shift to the left. External magnetic field has 
substantial influence on the AOA in the main plane. Table 
1 illustrates AOA in both planes for plasmonic structures 
having characteristic spatial scale1.6 km, 4

0 10k L =  (or 
L=160 km). Estimations show that conductivity fluctu-
ations increase AOAs of scattered radiation in the polar 
terrestrial ionosphere.

Figure 6. Angle-of-arrival in the XOZ plane versus an-
isotropy factor

Figure 7. Angle-of arrival in the main plane versus pa-
rameter χ

DOI: https://doi.org/10.30564/jees.v2i1.1763



29

Journal of Environmental & Earth Sciences | Volume 02 | Issue 01 | April 2020

Distributed under creative commons license 4.0

Table 1. Numerical calculations

χ 0θ 2
x< Θ > 2

y< Θ >

10 010 01 22′ 21 25′ ′′

20 010 01 46′ 11 58′ ′′

30 010 01 53′ 6 34′ ′′

40 010 02 4 13′ ′′

χ 0θ 2
x< Θ > 2

y< Θ >

10 015 58 26′ ′′ 8 42′ ′′

20 015 01 8′ 3 18′ ′′

30 015 01 8′ 1 37′ ′′

40 015 01 8′ 58′′

Numerical calculations of the AOAs were carried 
out for small-scale ionospheric irregularities hav-
ing characteristic spatial scale || 80l = m ( 5=ξ ) and 

3
0 2 10k L = ⋅ (or L = 32 km). In this case at 010 ,θ =  8χ = , 

2
max 44 41y ′ ′′< Θ > =  at 012θ = , 6χ = , 2

max 35 4y ′ ′′< Θ > =

;at 015 ,θ = 5,χ =  2
maxy< Θ >  24 45′ ′′= ;at  020θ = , 

3χ = , 2
max 14 6y ′ ′′< Θ > = . 

The behavior of the curves is the same than in the case 
of large-scale ionospheric irregularities. Study of the AOA 
could provide useful information about the structure of 
the ionospheric irregularities. Upper ionosphere places the 
important role in satellite communication over great dis-
tances.  

5. Results and Discussion

The dispersion equation is obtained describing attenuation 
of oblique incident radio wave on a conductive collision 
homogeneous magnetized plasma in the polar terrestrial 
ionosphere. Second order statistical moments of scattered 
electromagnetic waves are calculated using the complex 
geometrical optics approximation. 

Applying the phase structure function, the AOAs are 
calculated numerically for experimentally observing pow-
er-law spectral function of electron density fluctuations in 
the main and perpendicular planes using the experimental 
data. Numerical calculations of the AOA versus anisotropy 
factor were carry out for both small and large-scale iono-
spheric irregularities in the conductive polar ionospheric 
plasma. It was shown that the AOA in the main plane has 

the asymmetric Gaussian form; increasing refractive an-
gle maximum of these curves shifts to the left, while the 
AOA in the perpendicular plane increases in proportion to 
the anisotropy factor and tends to the saturation. Estima-
tions show that conductivity fluctuations increase AOAs 
of scattered radiation than in magnetized plasma with 
permittivity fluctuations. AOAs in the main plane are less 
than in perpendicular plane caused due to the existence of 
an external magnetic field and longitudinal conductivity. 
Study of the AOA could provide useful information about 
the structure of the ionospheric irregularities.

Frequency fluctuations of radio waves propagating in 
the conductive turbulent polar ionosphere is investigated. 
Correlation function of the phase fluctuations allows to 
calculate temporal spectrum of scattered radiation account 
being taken the drift velocity of elongated plasmonic 
structures. Temporal spectrum of scattered electromagnet-
ic waves broadens Increasing velocity of a plasma stream. 
The broadening of the temporal spectrum depends on the 
characteristic spatial scale of ionospheric irregularities, 
anisotropy factor and the angle between the refractive 
wave and the external magnetic field. The width of the 
normalized temporal spectrum broadens in proportion to 
the linear scale of plasma irregularities (at fixed angle θ
) and the angle θ  (at fixed characteristic spatial scale of 
plasmonic structures). The obtained results allow to solve 
the reverse problem restoring distance of travelling frozen 
in irregularities in the polar conductive ionosphere for 
given drift velocity and the angle between the observation 
points and the direction of irregularities movement.
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