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1. Introduction

Sloane, N.J.A., study the product or multiplication se-
quence {z,} on ¢ degrees of {a,} which has the degree of com-
plexity » and gave the answer that the degree of complexity

)

M-Sequences are used in the forward links for mixing

7

of {z,} can’t be exceeded, N, =[:]+[;]+---+[Z

the information on connection and as in the backward
links of these channels to receivers get the information in
a correct form, especially in the pilot channels and in the
sync channels '™,

Al Cheikha A. H.,
tiplication binary M-Sequences and their complexities,

periods, and the lengths of the linear equivalents of these

studied the construction of the mul-

multiplication sequences, where the multiplication will
be on one M-Sequence or on more than one sequence and
gave an [llustration of the answer of the question “why
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M-Sequences play a big important role, as the other binary orthogonal
sequences, for collection the information on the input links and distribution
these information on the output links of the communication channels
and for building new systems with more complexity, larger period, and
security, through multiplication these sequences. In our article we try to
study the construction of the multiplication sequence {z,}and its linear
equivalent, this multiplication sequence is as multiple two sequences, the
first sequence{a,}is an arbitrary M-sequence and the second sequence
{b,}is not completely different but is the reciprocal sequence of the first
sequence {a,} that is the reciprocal sequence has characteristic polynomial
g(x) is reciprocal of f{x), which is the characteristic polynomial of the first
sequence {a,}, also we will study the linear equivalent of the multiplication
sequence {z,}and we will see that the length of the linear equivalent of {z,}
is equal to ((deg fix))’ - deg(f(x)).

the linear shift register don’t be reached the maximum
length ,N,”, where the product or multiplication will be
on h degrees of one M-Sequence, also, the length of the
equivalent shift register of the multiplication sequence is
equal to the product by s, where, 7 and s are the length of
the shift registers of the first and second sequences respec-

tively and they are prime numbers .

2. Research Method and Materials

2.1 M- Sequences

The sequence {s,} of the form:
Snak = Vik=1Sn+k=1 ¥ Vk=2Sn+k=2 T T V0Sp T+
viy&y;el,,i=01,..,k-1
k-1
k= Z ViSnsi TV
i=0

1)

or
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Where, 75705715---Yk-1 are in the field F, and & is pos-
itive integer is called a binary linear recurring sequence

of complexity or order k, if ¥ =0 then the sequence is
called homogeneous sequence (H.L.R.S), in other case

the sequence is called non-homogeneous, the vector

(505515-5k—1) is called the initial vector and the charac-
teristic equation of the sequence is:

f(x) = xk +7/k,1xk71 +.. X+, 2
We are limited in our article to¥o =1.
2.2 Definitions and Theorems

Definition 1

The binary sequence {s,} satisfies the following condi-
tion;
S =S n=0,1,..

n+r n

Is called a periodic sequence and the smallest natural
number r which not equal to zero is called the period of
the sequence .

Definition 2

The L.F.S.R is a linear feedback shift register which
contains only addition circuits and the general term of the
sequence {s,} generated through the shift register is the
term of the output of the register .

Definition 3
The vector x = (g’g,"_,g) is the complement of the
vector X =(sy,5,.....5,,), 5; € F, where

s, ==01if s, =land s; =1if 5, =0 3) 27

Definition 4

The coefficient of correlations function of two binary
vectors £ = (L9, l15tyy) and [ = (Lo, 115e0l,1) is

n—1
Ry =Y (-1t @)
i=0

Where ¢, + [;is computed by mod 2.
If x;,»; €{L -1} (usually, replacing in binary vectors ¢
and / each “1” by “1* = -1 and each “0” by “0*=1" then

n—1

Rt,l = Zt’*l;*

i=0

5"

Definition 5

If ‘Rt,l‘ <1of the two vectors ¢ and / then we said the
vectors ¢ and / are orthogonal .

14 Distributed under creative commons license 4.0

Definition 6

If A4 is a set of binary vectors as the following:
A={t;t = (tg,tyyrtyy) X; € Fa,i=01,..,n—1}

The set 4 is orthogonal if and only if satisfies the fol-
lowing two conditions:
n—1
>
=0

1.%te 4, <1, or [R.o|=1. 6)

n—1
S (7"

i=0

2.Vt,le A, &t#1,

<lo |R,|<1.

Definition 7

The maximum length of an equivalent binary liner

feedback shift register is always less than or equal to the

maximum length , N; **%,

Definition 8

The reciprocal function of the function f{(x) is the func-
tion:
gx)=x"f(1/x) @®
Where, n is the degree of f{x) "\

Theorem 9

If {s,} is a H.L.R.S binary sequence with the complex-
ity k, period r and its characteristic polynomial is /(x) then

rlord f(x) and if the polynomial f(x) is primitive then the

period of the sequence {5,}is ,2* _1and this sequence is
called M-Sequence ' *",

Lemma 10 (Fermat’s theorem)

Each element x of the finite field F satisfies the equation:
x?=x ©)

Where q is the number of all elements in F '),
Theorem 11

If {s,}is a homogeneous binary linear recurring se-
quence and g(x)is its characteristic prime polynomial of
degree k and A is aroot of g(x) in any splitting field of F,
then the general term of the sequence {5} is:

k I\

Sy = ZCi(ﬂ 1) (11) !
i=1

Theorem 12

i. (" =D|@" -1 m|n (12)
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ii. any subfield of the field F2,, is a field of order2™ where
m|nand ifFyis a field of order ¢ =2"then any subfield of
it is has the order 2”and m|n, and by inverse if m | then
the field £ contains a subfield of order2™ "3,

*QOur study is limited to the M-Sequence of the period

r=2k_1.
3. Results and Discussion

3.1 Multiplication Two Reciprocal Binary M-Se-
quences

If{a,}is a recurring M-Sequence of degree k and f{(x) is
its characteristic prime polynomial (of degree k), which
has the independent different roots a,, a,, ... , then general
term of sequence{a,}will be given through the relation:

k
ay, = Ajaf + oy +..+ Apa) = ZAiai”
i=l
If the sequence {a,} in F, , its characteristic prime pol-
ynomial is f{x), and a is a root of f{x) then the general term
of the sequence {a,}is

(13)

2k—1

)n

2-1
a, =A4a" + A (@ '+ ..+ A (a
k .
-1
= ZAi(azl )"
i=1

Suppose the recurring M-Sequence {b,} which has the
characteristic prime polynomial g(x), and g(x) is the recip-
rocal of f(x) and f,, f,, ..., B, are the different linear inde-
pendent roots of g(x), which are reciprocal of a,, a,, ... ,0,
, then {bn}is

(14)

k
by =BiB' + By} +...+ BBy =Y Bl
i=1
The sequence {b,} is called the reciprocal sequence of
the sequence {a,}.

Thus, if a; is of the form ,2™' and g,is reciprocal g

then B = azk*ZH*l and b, will be written in the form

k k k k-1
b}’l = Blan(z -2) +Bzan(2 -3 +..+ Bkan(z —27-D

gt (1)
i=1
Thus
Ls i1 k k_Aj-1_
anbn =[2A[(a2 )n]{sz(an(Z 2 1))n]
i=1 Jj=1 (16)

i, j=Liz

: 2i-1 262/ :
=| D4 )@ Y 4B
i=1

Example 1

Suppose the binary recurring sequence {a,} where

Distributed under creative commons license 4.0

Api3+app1+a, =0, 0r ayy3 =a,,1 +ay,

(7)

The characteristic equation of sequence is x> + x+1=0

and its characteristic polynomial f(x) = Sex+lifaisa
root of the characteristic equation then o generates the field

2 3

F23 ={0,a7 =la,a”,x =a+1,a4 =a’ +a,a5

(18)
2

=a’+a+lal=a’+1}

and a, is given by the formula
ay = Aa" + Ay (@) + Az (at)"
For the initial vector (a,=0, @, = 1, a, = 0) we have
A +A4Ay +A43=0
adj +a’dy +at 4y =1

a’d +atdy +ady =0

Solution this gives us that 4; = a?, 4y =a*, 43 =aand

a, 18

n

a, =a(@)" +a*(@®)" +a(@*)"

(19)

The periodic of {a,}is 23 —1=7and we have the flow-
ing sequence
0101110,0101.......

The following Figurel, shows the shift register gener-
ating {a,}

oltfof—a

Figure 1. Shift register generating{a,}

Suppose the binary recurring sequence b,.3 +b,,2
+b, =0 or b,.3 =b,.3 +b,, its characteristic polynomial
g(x)=x> +x% +1is prime and reciprocal of f(x), the roots
of g(x) are

76 T s a’ _ 3
Bi=—=a"pr="5=a" p="F=a

(24 o o

(20)

Is very easy looking that a®, a’, & are roots of the
characteristic polynomial g(x) corresponding the roots

a,a’,a* of flx) and b, is
by =Bi(@®)" +By(@®)" + By (@®)"
For the initial vector (b,=0,b,=1,b,=1)
B +By)+B3=0
a®B +a’By +a’By =1
a’By+a’By +a®By =1

We have B =a,B, = az,B3 =a*and the general term
of the sequence {b,}is

b, =a(@®)" +a* (@) +a* ()"

o1y
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The sequence {b,}is periodic with the period 23 —1=7
and it is the flowing sequence
0111010,01110....

Figure 2 showing register generating {b, }

r
|-

(1o f—=b

Figure 2. shift register generating {b,}

We can look that one period of the sequence {b,}is one
period of the sequence {a,}but through reading it by in-
verse from the right to the left.

Suppose the multiplication sequence {z,}, where z, =

a,.b, , we have
z, =ayb, = [az(a)" +at@®)" +a(a4)”]

[a(a6)” +a’@’)" +a4(a3)"] (22)

z, =a,b, =a’a" +a’a? v+t +ala? +

aa +ata® 1

Thus, the sequence {z,} is a linear nonhomogeneous
sequence with the length of its linear equivalent is equals
6 that is equal to (deg f'(x))’~ deg f (x) =6, The period of
{z,}is 7, and the sequence {a,} is
0101010, 0101010 .......

We can check that the set of the all periodic permuta-
tion of one period is not an orthogonal set for example ,
for one permutation of the period: 0101010 is: 0010101
and the sum of the two vectors is 0111111.

Suppose the linear homogeneous part of zn is LHP(z,)

:{Zn};
I.HP(ZH)—Z —ala + lat + ata? + ofat

i 23)
raa +ata®

The sequence {z,, } is
1010101,1010101 ...
As the sequence {z,} the set of all periodic permuta-

tions of one period of the sequence {Z;, }is not an orthog-
onal set.
Figure 3, illustrates the linear feedback shift registers

generating the sequence {z,}.

16 Distributed under creative commons license 4.0

Shift regster foxr a

Shft negster fox by

Figure 3. Illustrated the multiplication sequence {z,}

We can look that " a2’ ".a* .o o = o217 =1,

and the characteristic equation of the sequence {Z;, }+is of
the form

x© +,L15x5 +,U4x4 ++y3x3 +,u2x2 +ux+1=0

Or

Zni6 T HSZnes + HaZpg + H3Zys3 + HZp0 + 241 +2, =0
Thus, for n = 0,1,2,3,4,5 we have the following system
of equations

L+ py +pp +1=0

I+ s +p3 + 0y =0
Hs + pg+ py +1=0
Lt prg + 3+ 1y =0
Us + p3 + pp +1=0

Solving this system we have: #s =g =p3 =4y =4 =1
and the characteristic equation of the sequence {z;, s

St 4 et e x+1=0 24)
Or

(f +x+1)(x3 +x? +1)=0
And the recurring formula of the sequence {z;, }is

Z‘n+6 +Z;1+5 +Z;’H—4 +Z;1+3 +Z‘n+2 +Z;1+1 +Z;z =0 (25

Figure4 showing the linear equivalent of the { z,, }:

-T '\-

o

b &8
ol 1 [Lh[l—}—-

Figure 4. the linear feedback shift register generating the
sequence {z, }

We can get {z,} from {Z;,} by adding complement
gate at the output of { Zy }.

DOI: https://doi.org/10.30564/jeisr.v3i1.3507
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Example 2

Giving the sequence {a,}generating by shift register as

in Figure 5.

[oJofo[1 }—ra

Figure 5. Linear feedback shift register generating
sequence{a,}

Where

Ay.q +ayg +a, =00ra,. 4 =a,, +a, (26)

And f(x)=x*+x+11s its prime characteristic polyno-

mial with the roots g, 2, g* = g+1, 8% = g2 +1 which
are lie in the field ¥,4 where

Fyu={0.8.8°.8°.8 = p+1.B° = B>+ B.B° = B° + B*,
BT =p+p+1,p4 =p 41,87 =g+,

0_ a2 3, a2 2_ 3,2, @)
gl =pt+p+1pl =g+ pt+p gt =g+ 51 +
B+l = g gt 1 g = F L g =

And a, is of the form
ay = A"+ A B2+ BN+ Ay B

Or
a, = A"+ A 7"+ A (B+D)" + Ay (B +1)"

The periodic of the sequence{a,}is 2*-1 =15 and
”=0:>4‘11+4‘12 +4‘13+4‘14 =1
n=1= 4+ 4,87+ 4,84+ 4,88 =0
n=2= 4%+ 4B+ 4,88 + 4,8° =0
n=3= 48 + 4,85+ 4,8 + 4,8 =0

Or

A] +A2 +A3 +A4 =1

A+ Ay B+ A (B+1)+ Ag (B +1)=0

4B+ Ay (B+1)+ A3(B° + 1)+ Ay =0

AP+ Ay (B + B2+ A3 (B + B+ B+ 1)+ Ag(BP + ) =0

Solution this system gives us
A=y = 0 4y =ty =

And
a, = BB+ BR (BN + g1 (B + BT (BY)”

And {a, } is a M-Sequence with period 2*-1 = 15.

100010011010111 100010011010111....... 29)
The cyclic permutations of one period form an orthog-

(28)

Distributed under creative commons license 4.0

onal set.

The sequence b, 4 +b,,3+b, =00r b, 4 =b, 3 +byis
recurring and g(x)=x* + x> +1is its characteristic poly-
nomial is prime and reciprocal f{x), and

B g B g g P g B
:81 ,8 18 =:82 182' :‘8 =:83 ,84 1'8 =:83 ﬁg :8

Are roots of g(x) and b, is
by = BB + By(B1)" + B3 (B')" + By (BT )"

For the initial vector (b,=0,b,=1,b,=1,b,=1)
n=0= B, +B,+B;+B,=0
L =1= "B+ pPB, + !By + p'By =1
n=2= BPB + pBy+a'By+ p1B, =1
n=3= gYB, + p°B, + p°By+ By =1

We have By =B, =B3 =B4 =1, andb,, is
bn :(ﬁ14)n+(ﬁ13)n+(ﬁ11)n+(ﬁ?)n

The period of { b, }is 2* — 1=15 and the sequence is
011110101100100,011110101100100.... (31)

For the initial vector (1 1 1 0) we have the sequence

(30)

{b}, } where, we can get the general term of { b,', } from

b, through shifting n by 2 and b,, is

b;f=}813(}814).&4‘}811(}813)”+ﬁ?(ﬁll)n+ﬁl4(ﬁ?)n
And the sequence {b;, s
111010110010001,111010110010001,111....(33)

Figure 6 showing the linear feedback shift register gen-
erating {b,}

(32)

[0 }—b,

Figure 6. Shift register generating{b,}

We can look that one period of the sequence {b,}is one
period of the sequence {a,}but by reading it by inverse
from the right to the left.

Suppose the multiplication sequence {z,} where z, =
a,.b, we have

z,=a,b,= [ﬂ14'ﬂn+ﬁ13'ﬂ2n+ﬁll.ﬁ4n+ﬂ7'ﬂ8n]
[(BY"+ (B + (B + (B)]
Zn :ﬂ]4ﬂl4n+ﬂ]3ﬁ13n+ﬂl4ﬂ12n+ﬂ12ﬂ1]n+ﬂ13ﬁ9n+ﬂl4ﬂ8n
+ﬁ7ﬁ7n+ﬂ7ﬂ6n+ﬁ7ﬁ4n+ﬁ12ﬂ311+ﬂ]2ﬂ2n+ﬂ]3ﬁ;1

Thus, the sequence {z,} is a lincar homogeneous se-

quence with the length 12 and equal to (deg f (x))’~ deg
f(x) =12, periodic with the period 15 and this sequence is

(34)
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100010010010001, 100010010010001, 10001 ...

We can check that the set of the all periodic permuta-
tions of one period of {z,}is not orthogonal set.

Figure 7 illustrated the nonlinear feedback shift register
generating {z,}.

Ehift ragister of 4,

Ehift razistzr of By,
Figure 7. Illustrated the multiplication sequence {z,}

We can 1001( that ﬁ]4n'ﬁl3n.ﬁ12n”ﬁllnﬁ9nﬁ8nﬁ7nﬁ6nﬁ4nﬁ3)lﬁZﬂﬂn
:’89011:1'

Thus, the characteristic equation of { z,, }is of the form;
2 g+ px® + pgx® + agx® + pxT + pex® + usx® +
,u4x4 +,u3x3 +,u,2x2 +x+1=0

Or
Zunt16 T M Znt11 T 1020410 T HoZyio T LRZyyg T [ 2547
tH6Z 6 T HSZns T HAZn 4 THIZ 03 T HpZya0 T Zyy
1 + Zy = 0

Thus, for n = 0,1,2,3,...,10 and adding for n = 11 be-
cause the equation for n = 10 is linearly pending with the
equations for n = 0 to n = 9 we have the following system
of 12 equations:

o+ Hg + 1y =1
Ho + g + 3 =0
Hg + s+ iy =1
Mg+ fg g+ =1

My + o + te + 413 =1

My + Mg + His + i1 =0

Mg + g + g+ =0

Mg + 7 + 13 =0

Hyy+ g+l + =0

Mo+ fg T s+ 1y =0

Mg + s + g =0

Hyy+ g+ g+ i3 =0

Solving this system we have: #)= ty = g =1 =0;

g = 7 = e = M5 = pg = 43 = 1y =] and the characteristic

18 Distributed under creative commons license 4.0

equation of the sequence {z, }is

P L T e e e S e (3%5)
And the recurring formula of the sequence { z, }is
Zni12 V20410 T Zna7 T 2046 T Znas T g T 2003 T 204
(36)
+z,=0

Figure 8 showing the linear equivalent of the {z,):

{
S
U S S
£ ) o
o e Lo [ [o Lo [o [+

Figure 8. Shift register generating sequence { z, }

Example 3

Given in Figure 9 the shift register generating the re-
curring sequence {a,} with five degrees:

ofofofo 1 }—a

Figure 9. Shift register generating the sequence {a,}
Where
Uuis+ya+a, =00rd, s =dy,0 +a,

(7

And {a,} has the polynomial f(x)=x>+x+las
a prime characteristic polynomial, the roots f{x) are;

bl bl . .
vyt 7= w1 =%+ 7 + 7+ 1 which are lie

in the field 755 and
Es =077 7 =18 =P +ry =+ 727
=r+7 4L = P w0 = g 1
=P+t 4rpB =t A = P
=/t e 7 = e A T = ey
=+l = 2wy =P =, R 2
RSN e AR RS S N e A A A T A Sy Al
R e A N L T ARy S
P =L =+ =1

And a, of the form
a, = 47" +A2}’2n +A374n +A4}’8n +A5}’16”

Or

_ ] 2.\n 4\n 3 2 n
a, =4 + A4 (") +A3(rT) 47+ D+
LG+ )"

DOL: https://doi.org/10.30564/jeisr.v3i1.3507
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And
n=0=> A+ 4y + 43 + Ay + 45 =1
n=1 :>A1y+A;_,‘v2 +A3}'4 +A4;/8 +A5;V16 =0
n=2= Alyz +A2}'4 +A3}*8 +A4y15 +A45y=0
n=3= Al}'3 +A2y6 +A3y12 +A4y24 +A5,‘V17 =0
n=4= A1y4 +A2}'8 +A3}'16 +A4}'+A572 =0
From the previously system of equation we have

26 21 11 22 13
A=y Aa=yT Ay =y A=y A=y

Thus, a, is equals
a, =720+ ALY RO
The period of {a,}is 2°-1 = 31, and the all cyclic per-
mutations of one period is an orthogonal set.
1000010010110011111000110111010
1000010....... (40)

Suppose the binary recurring sequence b,,s+b, 4

+b,=00r b o =b .+b, with the prime characteristic
5

(39)

polynomial g(x)=x> +x> +1which is the reciprocal f{x),
thus the roots of g(x) are

3t 31 31

4 '_r' '_r'

Is very easy looking that #3°, %% #27 »2 1 are
roots of the characteristic polynomial g(x) and the b, is of
the form

b= BP0V + By (7P ) + By () + By (r ) + B (7"
For the initial vector (b,=0,b,=1,b,=0,b,=1,b,=1,

are the latest 5" values of one period of the sequence {a,}

but by inverse we read them from the right to the left) and

by solving the following system forn =0, n=1,n=2, 3

andn=4)

B, +By+By+By+Bs =0

708 1728y + 7By 7P B, 1 /5B, =1

r¥ B+ 7 By + P By + 7By + By =0

7B +y By + 7By + 7 By + By =1

7B+ BBy + 758y + 7B, + 2B, =1

Solving this system of equations we have: B; = 7%,
By=yY.By=y".By =y Bs=y* and b, is

bn — :st (:VJU):‘I +:|r,19 (?,29 ):‘I +?,?(?,2?)?2 +:V14 (?,23)1‘: +
i 41)
?,28 (:Vl))ﬂ

The sequence {5, }is periodic with the period 25 —1=
31 and it is the flowing sequence:

Distributed under creative commons license 4.0

0101110110001111100110100100001,
0101110 ... (42)
Figure 10 illustrated shift register generating {b,}.

0 —b,

Figure 10. Shift register generating sequence{b,}

We can look that one period of the sequence {b,}is an
one period of the sequence {a,}but by reading it by in-
verse from the right to the left.

Suppose the multiplication sequence {z,} where z,=
a,.b,, we have

z,=a,.b,
=l?26_{:?:}n T N P N - Y
25, 30vn 19,292 T, 20n
_?13(},16};;]? (=) ?‘14(?23)?1 ?19(?15)1‘;
P Vo I e

Z _A5,n 30,0, 5 3 29 dn 10, 6n
L6 20 8 20 e e T 0
yB A0 I8 1 8 19n 19 239 Mn
pA 2,25 Mn 2 08 08 20m 14 30m
IO L B L w

Zy =Sy e 30,2 L5, 29 4 10,60

P67 20 8 20 0 e T 05
pBl6n 18 1Tn 8 190 19 23 9 Mn
;,4?25:‘: + 25,20 2,28 28,200 14,300

Thus, the sequence {z,} is a linear nonhomogeneous
sequence and it is:
0000010010000011100000100100000,
0000010 ....... (44)

The set of all cyclic permutations of one period is not
orthogonal set.

Suppose the linear homogenecous part with the se-
quence is {z’,}, which it’s linear equivalent has the length
(deg 1 (x))~ deg f (x) =20, and the period of { z’, }is 31
and { z’, }is the complement of e {z,}, thus, {z,}is
1111101 1011111 00011111 01101111
I, 1111101 ........ (45)

And the set of the all cyclic permutations of one period
of {z,}is not an orthogonal set. Figure 11 shows the non-
linear shift register generating the sequence {z,}.

DOI: https://doi.org/10.30564/jeisr.v3i1.3507 19
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Ehift register of a,

=

2y

[oToToTo1]
O-L2s
b,
_ IIIIEI
"_{;\.

Ehift razistzr of Py

Figurell. Illustrated the multiplication sequence {z,}

According with the sequences {a,}, its reciprocal se-
quence {b,} and their multiplication sequence {z,} in the
examples 1, 2, 3 we have

a, =a’(@)" +a*(@®)" +a(@*)"
In example 1: (46)
b, =a(@®)" +a*(@®)" +a*(@?)"
In example 2:
Iraﬂ=ﬁ14-()8)n+,813-()82)H+ﬁ11-(ﬁ4)n+ﬁ?-(ﬁ8)n
' 13 - 514 11, 413 7, a1l 14, A7 (47)
(Bn =B (B +B (B + BB+ (L)
In example 3:
anz},zﬁ_(},)ﬁ +},21_(},2)H+},11_(},4)H+},22_(},8)?1
13, 1641
TN e s TP
bn :;V..D (},30 )H+},lg(},_9)ﬁ+},? (},_? )?T +},14(}!_3)ﬁ
+ 28015y

We can look the following properties

P1. For one period of the sequence {a,} the period of
its reciprocal sequence {b,} is the same but must read or
write it by inverse from the right to the left.

P2. In the both form of the general term of each of
them and for two consecutive coefficients in each of them
the square of the first coefficient equals the second coeffi-
cient, namely; (4;)% = 4;,1, (B;)* =B;,; and the square
of the first term equals the second term .

P3. The exponent of the coefficient of the first term in
the general term in the sequence {a,} is larger than the
corresponding coefficient in the sequence{b,} by one.

P4. The length of the linear homogeneous part of the
sequence {z,}is equal to ((deg f (x))’~ deg f(x)) Where the
fx) is the characteristic polynomial of the sequence{a,}.

we will check these four properties by studying the
case when the degree of the prime characteristic function
of the sequence {a,} is six where

20 Distributed under creative commons license 4.0

y.g + ﬂn_—l +dy =0---0Frdy.g=dy.+dy, (49)
Where

Fx)=x®+x+1 (50)
The characteristic equation is

xS 4x+1=0 (1)

If o is a root of the characteristic equation then a gener-
ates the field F2°, where Appendix1 showing the elements
of this field.

The term a,, is

a, = 4a" + Agafzn + ‘{3054” +4dy ¥+ ‘{Sam" + A{ﬁaazn
And

F’E=0=>AI +Ag +J‘{3 +A4 +AS +Aﬁ =1

n=1= 4o+ A’ + 40t + 4,0° + 4.0'% + 407 =0

n=2= Aa’ + Ara’ + A3a® + 4400 + 4@’ + Aga =0

n=3= Ao’ + Aya’ + 30’ + 4402 + 450 + 450 =0

n=4= ot + Apad + 43010 + 4,00 + Asa+ Agat =0

34

] ) ,
n=5= A’ + o'’ + 43070 + 40" + 450! + gt =0

Or, using Gaussian methods

A+ Ay + A3+ Ag+ 45+ 4 =1
8 =a5?
19

Ay + A3+ 4,070 + Asat + g’

Az +A4a46 +A§af31 +Aﬁaf36 =

Ay +::[50126 +:{,5a'? =al?
As+dg=ox

AT = a8

Thus

Aﬁ =O.'31

According with the property P, we can guess 4,,..., 4,

as the following
As = (4g)!'2 = (@Y 2 2 (163112 _ 47
Ay = (‘45)1;‘2 — (@2 = (g¥T+632 _ 555
4 :(‘{4)1;‘2 — (@2 2 (@562 _ o
Ay = (43)12 = (@02 2 (3043112 _ 61
4 = (‘{2 )1.-"2 _ (alﬁljl.-"E _ (a61—63)1.-"2 _ aﬁ?
We can check these results through solving the above
system of equations and we have the same results.
Thus, the term an is

61 _2n 0 _4nm

S
ataa § 16%

2 53 A7
anzafﬁ‘a”+a +a ¥ +a'a

(52)
The sequence {a, } is M-Sequence, periodic with the
period 2°-1 = 63, and the all cyclic permutations of one

period is an orthogonal set and the sequence is
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1000001000. 0110001010. 0111101000. 1110010010.
1101110110. 0110101011.111, 1000 .... (53)
The reciprocal polynomial of f{x) is g(x) = x* + x* + 1
and for the initial vector (b,b,b,b;b,bs) = (111110) we have
the following reciprocal sequence {b,}
111.1101010110.0110111011.0100100111.0001011110.01
01000110. 0001000001, 111110 .... (54)

By checking the general terms of the sequence {s,} where

_BIO{ +B')G( +33(I)9H+B4C¥”n+35a'4?ﬁ+
BﬁqSln
Where o is reciprocal a, a® is reciprocal o, ..., a’' is

reciprocal a’’.
According with property P,and P, we can guess B,,...,
By, as the following

I
B =a®1=g5

B, =(B)? = (@) =a!2 =0
By =(By)? = (@®) =all® =0
B, =(By)? = (@) =all0 =¥
Bo=(By) = (@) =a™ =al!
Bg=(Bs)? = (@) =2 =2

=

And thus; the suggested general term of the sequence

{s,} 18

I £ = cr
Sy =cxﬁlcxﬁ_ +a,39(xﬁlrs T )g)E’n _'_(IS'."(I))?@
+a11(x4?n+a__ In

We can check that the sequence {s,} is the same recip-
rocal sequence {b, }and thus

bn :aﬁlaﬁ +a B'a,ﬁln +a 3a39n+a3.- ajm +
11 _47 22 31 (55)
a o "raTa"”
Thus
, e
a, =a®a” +a%a? + oo + 2’ +

2
a,:ﬁ‘ a,lﬁn 31 _32n

+a

_Hx:S' 6ln IpEE

s a2t yin

b, = a8l

(xlla,-'ﬁ‘rz

Also we can check that

6 27t n & 2k 2/ 1 _1\n
ayb, =| D Ai(@® )" || D B(a )
i=1 Jj=1
6
=l D 4B«

ij=Li# j

27l ok ol 6
(24 )n + ZAiBi
i=1
The first bracket contains 30 terms and
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ZAB—G( el 10 10> ra e
27
+C¥4?C¥11+C¥31 22

2 2
123 +Gf1_0 114 92 58 53

=& -+ +G_' +Gf
=af60 +ch? +a’31 +(:x39 +::r38 +(:x}3 =1
Thus,
¢ 271 ok o/l 1ip
ayh,=| Y 4B;(a’ « )1

i,j=Li#j

And the length of the linear equivalent of the linear ho-
mogeneous part of a,.b, is equal to 30 that is equal to ((deg

f@)= degf(x)).
4. Conclusions

For one period of the sequence {a,} the period of its
reciprocal sequence {b,} is the same but we must read or
write it by inverse from the right to the left.

In the both forms of the general term of the sequences
{a,} and {b,}and for two consecutive coefficients in each
of them the square of the first coefficient equals the sec-
ond coefficient, namely; (4)% = 4;,1, (B)* =B;,; and
the square of the first term is equals the second term.

The exponent of the coefficient of the first term in the
general term in the sequence {a,} is larger than the corre-
sponding coefficient in the first term of the sequence{b,}
by one.

If each coefficient and its corresponding root (of the
characteristic equation) in the general term of a sequence
are reciprocal then these coefficients will be roots in the
reciprocal sequence.

The length of the linear homogeneous part of the multi-
plication sequence {z,}is equals to (deg f (x))’~ deg f (x),
where f{(x) is the prime characteristic polynomial of the
sequence{a,}.

The set of all cyclic permutations of one period of the
reciprocal sequence {b,}is an orthogonal set but this set of
the multiplication sequence {z,} is not an orthogonal set.

Each of the sequences {b,}and {z,}is a periodic se-
quence and has the same period of the sequence {a,}.
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