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1. Introduction

Sloane, N.J.A., studied the product or multiplication 
sequence {zn} on t degrees of the sequence {an} which has 
the degree of complexity r and gave the answer that the 
degree of complexity of {zn} can’t be exceeded [1,2].

Mokayes D. Al Cheikha A. H., studied the construction 
of the multiplication binary M-Sequences where the 
multiplication on one M-Sequence or on more than one 
sequence and gave an illustrated about the question “why 
the length of the linear equivalent shift register don’t 
reached the maximum length?” [3-8].

Al Cheikha A. H., Omar E H.., studied the construction 
of the multiplication binary M-Sequences with it’s 

reciprocal sequences, they studied the length of the result 
multiplication sequence{zn}which is equals [(deg f(x))2-
deg (f(x))], linear equivalent, properties of the coefficients 
of the roots of the characteristic polynomial f(x) and it’s 
reciprocal sequence. Current article and showing the 
agreement and disagreement between these coefficients 
and corresponding roots, in the first side, in binary 
M-Sequences, and in the second side, Mp-Sequences [9-11].

2. Research Method and Materials

2.1 Mp-Sequences or M-Sequences over Fp

Mp- Sequences or M-Sequences over Fp {an} is of the 
form;
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where, 110 ...,,,, −kγγγγ  are in the field Fp and k is 
positive integer is called a linear recurring sequence 
of complexity or order k, for 0=γ  the sequence is 
called homogeneous sequence (H.L.R.S), in other case 
the sequence is called non-homogeneous, the vector 

)...,,,( 110 −kaaa is  cal led the ini t ial  vector  and the 
characteristic equation of the sequence is;

01
1

1 ...)( γγγ ++++= −
− xxxxf k

k
k     (2) [12-14]

We are limited in our article to 2>p .

2.2 Definitions and Theorems

Definition 1 
The L.F.S.R is a linear feedback shift register if 

contains only addition circuits and the general term of the 
sequence {sn} generated through the shift register is the 
term of the output of the register [3].
Definition 2 

The vector ),...,,( 21 naaaX =  is the complement of the 

vector pin FaaaaX ∈= ),,...,,( 21 ,)  where

 (3) [12-14]

Definition 3 
The coefficient of correlation function of the two 

vectors ),...,,( 110 −= ntttt  and ),...,,( 110 −= nllll on Fp which 
denoted by Rt,l, is:
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n 1 is the nearest integer of the number 
p

n 1+ ,  

and we said the two vectors t and l are orthogonal if 
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, and 1, ≤ltR  [8-10,13]. 

Definition 4
The periodic sequence Niia ∈)(  over Fp with the period 

1−= kpr  has the “Ideal Auto Correlation” property if 

and only its periodic auto Correlations )(τaR of the form:

( ) 1)(0 ≤= ττ aRanda                 (5)
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Definition 5 
The set { }1,...,1,0,),,...,,(; 110 −=∈== − niFttttttA pin  

is called an orthogonal set if and only if the set A satisfies 
the following two conditions; 

.1;.1 0, ≤∈∀ tRAt                                         (7)

.1,&,,.2 , ≤≠∈∀ ltRltAlt              (8) [15,16]

Definition 6
If the function f(x) has the degree n then the reciprocal 

function of f(x) is the function;

)/1()( xfxxg n=    (9)

Theorem 7
If }{ ns  is a H.L.R.S sequence with the complexity 

k, period r and its characteristic polynomial is )(xf then 
)(xfordr  and if the polynomial )(xf is primitive and it’s 

coefficients are in Fp then the period of the sequence 

}{ ns is 1−kp and this sequence is called Mp-Sequence or 
M-Sequence over Fp 

[2,15-17].
Lemma 8. (Fermat’s theorem). 

If the finite field F of order q then each element x of F 
satisfies the equation;

xxq =                                      (10) [2,15-18] 

Theorem 9 
If }{ na is a H.L.R.S in Fp and )(xg is its characteristic 

prime polynomial of degree k and α  is a root of )(xg  
in any splitting field of Fp then the general term of the 
sequence }{ na is;
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And the sequence }{ na has the period 1−kp  [2,18].
Theorem 10 

i. nmqq nm ⇔−− )1()1(                                (12) 

ii. any subfield of the field npF  is a field of order mp where 

nm and if qF is a field of order npq = then any subfield of 

it is has the order mp and nm , and by inverse if nm  then 

DOI: https://doi.org/10.30564/jeisr.v3i2.3740



35

 Journal of Electronic & Information Systems | Volume 03 | Issue 02 | October 2021

Distributed under creative commons license 4.0

the field npF 2  contains a subfield of order mp  [2,15-18].
*Our s tudy is  l imited to the Mp-Sequence or 

M-Sequence over Fp and it’s period is: 1−= kpr .

3. Results and Discussion

Multiplication Two Reciprocal Mp-Sequences

If f(x) is the characteristic prime polynomial of the Mp-
Sequence{sn} of degree k in the field Fp, and α1, α2, …
αk are it’s independent different roots in the Fp

k, which 
is a splitting field of Fp then the general term of the 
sequence{sn}is 
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And if α is a root of f(x) then we can find;
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Suppose g(x) is the reciprocal of f(x), β1, β2, … , βk 

are the different linear independent roots of g(x), and 
g(x) characteristic polynomial of the Mp-Sequence { nζ }  
reciprocal sequence of {sn}then the general term of the 
sequence { nζ } is
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Thus, if iα  is of the form 1−ipα  and iβ is reciprocal iα  

then 11−− −
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Thus;
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Example 1 
Suppose the polynomial 2)( 2 ++= xxxf which is 

a prime characteristic polynomial the sequence {sn}, 

3; FsNn n ∈∈∀  sn satisfies;

2 1 2 1 0 12 0; 2 ; 0, 1n n n n n ns s s or s s s s s+ + + ++ + = = + = =

Figure 1. Shift register generating the sequence {sn}on F3

The characteristic equation of the sequence {sn} is; 

022 =++ xx  (17)

If α is a root of the equation then;

022 =++αα
And; 

1,2,2,2,22,12,,1,0{ 7654328
32 +=+===+=+=== αααααααααααααF  

1,2,2,2,22,12,,1,0{ 7654328
32 +=+===+=+=== αααααααααααααF  

(18) 

The general term of the sequence {sn}is of the form;
nn

n SSS )( 3
21 αα +=

Solving the following equations;
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We have;

12,2 2
2

6
1 +==+== αααα SS

And the general solution of the characteristic equation is;
nn

nS )()( 326 αααα +=           (19)

Or;
nn

nS )22)(12()2( ++++= αααα )(
And the sequence is periodic with the period: 32-1 = 8 

and the sequence is;
0 1 2 2 0 2 1 1 0 1 2 2 1 0 2 1 1  …..   (20)

We can see the important properties;

( ) ( ) 332363236 )(&)()()( αααααααα === oror     (21)

By the same way;

( ) ( ) αααααααα === 336326332 )(&)()()( oror    (22)

The unitary reciprocal polynomial of the prime f(x) is 
the prime polynomial 22)( 22 ++= xxxg and it is the 

characteristic polynomial of the recurring sequence }{ nζ

where 022 12 =++ ++ nnn ζζζ or nnn ζζζ += ++ 12 , the 
roots of g(x) are;

5
3

8

2
7

8

1 , α
α
αβα

α
αβ ====    (23)

Is very easy looking that ,, 57 αα are roots of the 
characteristic polynomial g(x) corresponding the roots 
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3,αα  of f(x) and the general term nζ is;
nn

n BB )()( 5
2

7
1 ααζ +=

For the initial vector ( 1,1 10 == ζζ );
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sequence }{ nζ is;

nn
n )()( 5775 ααααζ +=  (24)

We can see the important properties;

( ) ( ) 53773557375 )(&)()()( αααααααα === oror     (25)

By the same way;

( ) ( ) 73553775357 )(&)()()( αααααααα === oror  (26)

The sequence }{ nζ is periodic with the period 8123 =−  
and it is the flowing sequence;
1 1 2 0 2 2 1 0 1 1 2 0 2 2 1 0   …. (27)

Figure 2 shows the shift register generating }{ nζ

Figure 2. shift register generating }{ nζ

We can look that one period of the sequence }{ nζ is 
one period of the sequence {sn}but through reading it by 
inverse from the right to the left.

The multiplication sequence {zn}, where zn = sn. nζ is;

 
Figure 2. shift register generating }{ n  

 
We can look that one period of the sequence }{ n is one period of the sequence {sn}but 

through reading it by inverse from the right to the left. 
The multiplication sequence {zn}, where zn = sn. n is; 

  

2

)()()()(.

107613

119107613

5775326







nn

nn

nnnn
nnn sz







  (28) 

Or;  
22765  nn

nz       (29) 
Thus, the sequence {zn} is a linear nonhomogeneous sequence with the length of its linear 

homogeneous equivalent is equals 2 that is equal to 2)(deg))((deg 2  xfxf , The period of {zn}is 
4 and it's the half period of the sequence{sn}and the sequence {zn} is: 0110 0110 0110 0110 ……. 

We can check that the set of the all periodic permutation of one period is not an orthogonal set 
for example , for one permutation of the period: 0110 is: 0011 and the sum of the two vectors is 0121 
and is not belong to the set of permutations. 

Figure 3 illustrates the feedback shift registers generating the sequence {zn};  
 

 
Figure 3. Illustrated the multiplication sequence {zn} 

 
Suppose the linear homogeneous part of zn is LHP(zn) ={ '

nz }; 
nn

nn zzLHP 2765')(        (30) 
The sequence { '

nz } is; 
1 2 2 1   1 2 2 1   1 2 2 1  …     (31) 

The characteristic equation of the sequence { '
nz }is; 

0))(( 62   xx  

012 x                               (32) 

 (28)

Or; 

22765 ++= nn
nz αααα   (29)

Thus, the sequence {zn} is a linear nonhomogeneous 
sequence with the length of its linear homogeneous 
equivalent is equals 2 that is equal to 2)(deg))((deg 2 =− xfxf ))

2)(deg))((deg 2 =− xfxf , The period of {zn}is 4 and it’s the half 
period of the sequence{sn}and the sequence {zn} is: 0110 
0110 0110 0110 …….

We can check that  the set  of  the al l  periodic 
permutation of one period is not an orthogonal set for 
example , for one permutation of the period: 0110 is: 0011 
and the sum of the two vectors is 0121 and is not belong 

to the set of permutations.
Figure 3 illustrates the feedback shift registers 

generating the sequence {zn}; 

Figure 3. Illustrated the multiplication sequence {zn}

xSuppose the linear homogeneous part of zn is LHP(zn) 
={ '

nz };

nn
nn zzLHP 2765')( αααα +==   (30)

The sequence { '
nz } is;

1 2 2 1   1 2 2 1   1 2 2 1  …  (31)

The characteristic equation of the sequence { '
nz }is;

0))(( 62 =−− αα xx )(

012 =+x  (32)

And the recurring formula is 0'' =+ nn zz  or '' 2 nn zz = .  
Figure 4 illustrate the linear shift register generating 
sequence { '

nz }.

Figure 4. shift register generating the sequence { '
nz }

As the sequence {zn} the set of all periodic permutations  
of one period of the sequence { '

nz } is not an orthogonal 
set.
Example 2

Suppose the polynomial 12)( 3 ++= xxxf which is a 
prime characteristic polynomial the sequence {an} as in 
figure5, 3; FaNn n ∈∈∀  an satisfies;

1,1,0;2;02 21013013 ===+==++ ++++ aaaaaaoraaaa nnnnnn or
1,1,0;2;02 21013013 ===+==++ ++++ aaaaaaoraaaa nnnnnn

Figure 5. Shift register generating the sequence {an}on F3
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The characteristic equation of the sequence {an} is; 

0123 =++ xx   (33)

If α is a root of the equation then;

0123 =++ αα  (34)

And; 
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



F

 (35)

 

The general term of the sequence {an}is of the form; 
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n AAAa )()(
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3
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Solving the following equations ; 















12

11

00

3
18

2
6

1
2

3
9

2
3

1

321

AAAn

AAAn

AAAn



  

We have; 
12,2,22 16

3
14

2
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We can see the properties; 
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And the general solution of the characteristic equation is; 
nnn

na )()()( 91631422        (36) 
Or; 

nnn
na )1)(12()2)(2()22(    

And the sequence is periodic with the period: 33-1 = 26 and the sequence is; 
0 1 1 1 0 0 2 0 2 1 2 2 1 0 2 2 2 0 0 1 0 1 2 1 1 2    0 1 1 1 0 ….   (37) 

The reciprocal polynomial of the prime f(x) is the prime polynomial 12)( 23  xxxg and it 
is the characteristic polynomial of the recurring sequence 02 23   nnn bbb or nnn bbb 223   , 
the roots of g(x) are; 
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2
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
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
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
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We can see the properties; 
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

 

Is very easy looking that 172325 ,,  are roots of the characteristic polynomial g(x) 

corresponding the roots 933 2
,,    of f(x) and the general term bn is; 

nnn
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3
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2
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For the initial vector (b0 = 2, b1 = 1, b2 = 1); 

(35)

The general term of the sequence {an}is of the form;
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Solving the following equations ;

 

}12,122,22,22

,1,12,222,12
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


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

F

 (35)

 

The general term of the sequence {an}is of the form; 
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n AAAa )()(
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3
3

21    
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is: 0 1 1 2 0 0 2 0 0 2 1 1 0   0 1 1 2 0 0 2 0 0 2 1 1 0   
…….

Figure 7 illustrates the linear feedback shift registers 
generating the sequence {zn}; 

Figure 7. Illustrated the multiplication sequence {zn}
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Figure 8 shows its feedback linear shift register of the sequence { '
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nnnnnn tttorttt   1414 202         (44) 
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Figure 10 shows the shift register generating sequence }{ n for the initial vector (0,1,2,0); 
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The period of { n }is 80134  and the sequence is; 
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We can see that one period of the sequence { n }is one period of the sequence {tn}but by 
reading it by inverse from the right to the left. 
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Thus, the sequence {zn} is a linear homogeneous sequence with the length 12 and equal to 
12)(deg))((deg 2  xfxf , periodic with the period 40 and this sequence is; 

0120000001 0222002011 1102002220 1000000210,   0120000001 0222002011    
 1102002220 1000000210, …….                                                                          (51)                                                

We can check that the set of the all periodic permutations of one period of {zn}is not 
orthogonal set.  

Figure 11 illustrated the nonlinear feedback shift register generating {zn}; 
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We can see that one period of the sequence { n }is one period of the sequence {tn}but by 
reading it by inverse from the right to the left. 
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Thus, the sequence {zn} is a linear homogeneous sequence with the length 12 and equal to 
12)(deg))((deg 2  xfxf , periodic with the period 40 and this sequence is; 
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We can check that the set of the all periodic permutations of one period of {zn}is not 
orthogonal set.  

Figure 11 illustrated the nonlinear feedback shift register generating {zn}; 
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The period of { n }is 80134  and the sequence is; 
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We can see that one period of the sequence { n }is one period of the sequence {tn}but by 
reading it by inverse from the right to the left. 

Suppose the multiplication sequence {zn} where zn = tn. n we have; 
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Thus, the sequence {zn} is a linear homogeneous sequence with the length 12 and equal to 
12)(deg))((deg 2  xfxf , periodic with the period 40 and this sequence is; 

0120000001 0222002011 1102002220 1000000210,   0120000001 0222002011    
 1102002220 1000000210, …….                                                                          (51)                                                

We can check that the set of the all periodic permutations of one period of {zn}is not 
orthogonal set.  

Figure 11 illustrated the nonlinear feedback shift register generating {zn}; 
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The period of { nτ }is 80134 =− 80 and the sequence is;
0120010001 1112012112 1202022110 2011001222 
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We can see that one period of the sequence { nτ }is one 
period of the sequence {tn}but by reading it by inverse 
from the right to the left.
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The period of { n }is 80134  and the sequence is; 
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We can see that one period of the sequence { n }is one period of the sequence {tn}but by 
reading it by inverse from the right to the left. 

Suppose the multiplication sequence {zn} where zn = tn. n we have; 
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Thus, the sequence {zn} is a linear homogeneous sequence with the length 12 and equal to 
12)(deg))((deg 2  xfxf , periodic with the period 40 and this sequence is; 
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We can check that the set of the all periodic permutations of one period of {zn}is not 
orthogonal set.  

Figure 11 illustrated the nonlinear feedback shift register generating {zn}; 
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Thus, the sequence {zn} is a linear homogeneous sequence with the length 12 and equal to 
12)(deg))((deg 2  xfxf , periodic with the period 40 and this sequence is; 
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We can check that the set of the all periodic permutations of one period of {zn}is not 
orthogonal set.  

Figure 11 illustrated the nonlinear feedback shift register generating {zn}; 
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Thus, for n = 0,1,2,3,…,10 and adding for n = 11 if it 
is need we can find the coefficients of the characteristic 
equation of {sn} as following;

 
Figure 11. Illustrated the multiplication sequence {zn} 

 
We can see that 1............ 480787472625654262418862   . 
Thus, {zn} = { '

nz }where{ '
nz } the linear part of {zn}, the characteristic equation of {zn }is of 

the form; 
011

2
2

3
3

4
4

5
5

6
6

7
7

8
8

9
9

10
10

11
11

12  xxxxxxxxxxxx   
Or; 

01122334455

667788991010111112








nnnnnn

nnnnnnn

zzzzzz
zzzzzzz




 

Thus, for n = 0,1,2,3,…,10 and adding for n = 11 if it is need we can find the coefficients of the 
characteristic equation of {sn} as following; 

















0222
1222

022
122

68910

791011

181011

12911






 



















22222
22222
02222

1222

2456911

356710

4
6

7811

5789







 













02222
12222
22222

1236891011

234791011

134581011





 

Thus; 
1;2;0 8711109654231    

And the characteristic equation of the sequence { nz }is; 

012222222 2456789101112  xxxxxxxxxx     (52) 
And the recurring formula of the sequence { nz }is; 

02222222 2456789101112   nnnnnnnnnnn zzzzzzzzzzz       (53)  
Or; 

Thus;

1 3 2 4 5 6

9 10 11 7 8

0;
2; 1

α α α α α α
α α α α α

= = = = = =

= = = = =

And the characteristic equation of the sequence { nz }is;

12 11 10 9 8 7

6 5 4 2

2 2 2
2 2 2 2 1 0
x x x x x x

x x x x
+ + + + + +

+ + + + =
 (53)

And the recurring formula of the sequence { nz }is;

12 11 10 9 8 7

6 5 4 2

2 2 2

2 2 2 2 0
n n n n n n

n n n n n

z z z z z z
z z z z z

+ + + + + +

+ + + +

+ + + + +

+ + + + + =
 (54) 

Or;

12 11 10 9 8 7

6 5 4 2

2 2

2
n n n n n n

n n n n n

z z z z z z
z z z z z
+ + + + + +

+ + + +

= + + + +

+ + + + +
      (55)

Figure 12 shows the linear equivalent of the { nz };

Figure 12. Shift register generating sequence { nz }

Example 4
Given the recurring sequence {vn} over 25F with two 

degree where;

nnnnnn vvvorvvv 3402 1212 +==++ ++++  (56)

Figure 13 shows the shift register generating it;

Figure 13. Shift register generating the sequence {vn}

xAnd {vn} has the polynomial 2)( 2 ++= xxxf
as a prime characteristic polynomial, the roots f(x) are; 

44, 5 += γγγ which are lie in the field 25F  and; 

2
24 2 3 4

5
5 6 7 8

9 10 11 12

13 14 15 16

17 18 19 20 21

22 23

{0, 1, , 4 3, 4 2,

3 2, 4 4, 2, 2 , 5 1,
3 4, 4, 3 3,

4, 4 , 2, 3, 2 3,
1, 3, 3 , 2 4,

2 1, 4 1, 2 2}

F γ γ γ γ γ γ γ

γ γ γ γ γ γ γ γ

γ γ γ γ γ γ γ

γ γ γ γ γ γ γ γ

γ γ γ γ γ γ γ γ

γ γ γ γ γ

= = = + = + =

+ = + = = = +

= + = + = + =

= = + = + = +

= + = = = + =

+ = + = +

 (57)

And vn is of the form;
nn

n AAv 5
21 γγ +=

Or;







=+⇒=

=+⇒=

21

10
5

21

21

γγ AAn

AAn

Solving this system we have; 
18

1 23,A A γ= =

But 5 5 18
1 2( ) (3)A A γ= ≠ =  and 5 18 5 18

2 1( ) ( )A Aγ γ= = ≠  
Thus, vn is equals;

18 53( ) ( )n n
nv γ γ γ= +  (58)

The sequence {vn} is period with the period 52-1 = 
24, and the all cyclic permutations of one period is an 
orthogonal set;
1 2 1 0 3 2 2 4 2 0 1 4 4 3 4 0 2 3 3 1 3 0 4 1,   1 2 1 0 3 2 
2  …….   (59)

The unitary reciprocal polynomial of f(x) is the 
p o l y n o m i a l 33)( 32 ++= xxxg a n d  t h e  r e c i p r o c a l 
sequence of {vn} is the sequence {wn} with the recurring 
formula;

033 12 =++ ++ nnn www  

Or; 

nnn www 22 12 += ++

The roots of g(x) are;
24 24

23 19
1 2 5,γ γγ γ γ γ

γ γ
= = = =

Is very easy looking that 23 19,γ γ are roots of the 
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characteristic polynomial g(x), 23 5 19( )γ γ= , 19 5 23( )γ γ= and 
nv is of the form;

23 19
1 2( ) ( )n n

nw B Bγ γ= +  (60)

For the initial vector ( 0w = 1, 1w  = 4 are the latest two 
values of one period of the sequence {wn} but by inverse 
we read them from the right to the left) and by solving the 
following system for n = 0, n =1; 

1 2
23 19

1 2

1

4

B B
B Bγ γ

+ =


+ =

Solving this system of equations we have: 
17 13

1 2,B Bγ γ= =  and;
5 17 5 13

1 2( ) ( )B Bγ γ= = =  and 5 13 5 17
2 1( ) ( )B Bγ γ= = =

Thus;
17 23 13 19( ) ( )n n

nw γ γ γ γ= +  (61)

The sequence { nw }is periodic with the period 24152 =−
24 and it is;
1 4 0 3 1 3 3 2 0 4 3 4 4 1 0 2 4 2 2 3 0 1 2 1, 1 4 0 3 1 3 3 
2 0  … (62)

Figure14 illustrated shift register generating {wn};

Figure 14. Shift register generating sequence {wn}

One period of {vn}is an one period of the sequence {wn}
but by inverse from the right to the left.

The multiplication sequence {zn} where zn = vn.wn is;

18 5 17 23 13 19

17 13 20 11 4 7

.

3( ) ( ) ( ) ( )

3 3

n n n

n n n n

n n
n

z v w

z

γ γ γ γ γ γ γ

γ γ γ γ γ γ

=

   = + +   
= + + +  (63) 

13 20 11 43 3n n
nz γ γ γ γ= + +

Thus, the sequence {zn} is a linear nonhomogeneous 
sequence and periodic with the period 6 and it is;

1 3 0 0 3 1, 1 3 0 0 3 1 …….  (64)
The set of all cyclic permutations of one period is not 

orthogonal set.
Suppose the linear homogeneous part with the 

sequence is {z’n}, which it’s linear equivalent has the 
length 2(deg ( )) deg ( ) 2f x f x− = , and the period of { z’n }
is also 6 and { z’n }is;

3 0 0 0 0 3,  3 0 0 0 0 3,   …..  (65)
And the set of the all cyclic permutations of one period 

of {zn} is not an orthogonal set. 
Figure 15 Shows the nonlinear shift register generating 

sequence {zn};

Figure 15. Illustrated the multiplication sequence {zn}

According with the sequences {sn}, its reciprocal 
sequence { nζ } and their multiplication sequence {zn} in 
the examples 1, 2, 3,4, we have;

In example 1: 






+=

+=
nn

n

nn
nS

)()(

)()(
5775

326

ααααζ

αααα
  (66)

In example 2: 
22 14 3 16 9

21 25 11 23 7 17

( ) ( ) ( )

( ) ( ) ( )

n n n
n

n n n
n

a
b

α α α α α α

α α α α α α

 = + +


= + +
 (67)

In example 3: 

10 30 3 10 9 30 27

9 79 27 77 71 3 53( ) ( ) ( ) ( )

n n n n
n

n n n n
n

t β β β β β β β β

τ β β β β β β β β

 = + + +


= + + +
 (68)

In example 4. 
18 5

17 23 13 19

3( ) ( )

( ) ( )

n n
n

n n
n

v
w

γ γ γ

γ γ γ γ

 = +


= +
 (69)

Suppose, the basic sequence is{Sn}and it’s of the form;

∑
=

−−
=+++=

− k

i

nip
i

np
k

npn
n AAAAs

k

1

112
21 )()(...)(

1
αααα  

(70) 
∑
=

−−
=+++=

− k

i

nip
i

np
k

npn
n AAAAs

k

1

112
21 )()(...)(

1
αααα

And it’s reciprocal sequence is { nζ } and it’s of the form;

∑
=

−−−−−− −−
=+++=

k

i

ppn
i

ppn
k

pnpn
n

ikkkkk
BBBB

1

)1()1()3(
2

)2(
1

11
... ααααζ

 (71) ∑
=

−−−−−− −−
=+++=

k

i

ppn
i

ppn
k

pnpn
n

ikkkkk
BBBB

1

)1()1()3(
2

)2(
1

11
... ααααζ

And the product sequence is{zn}where nnn Sz ζ=  and 
it’s of the form;
























= ∑∑

=

−−

=

− −k

j

npp
j

k

i

nip
in

jk
BAz

1

)1(

1

1
)()(

1
αα       (72)

Or;











+














= ∑∑

=≠=

−−− − k

i
ii

k

jiji

nppnip
jin BABAz

jk

1,1,

)1(1
)()(

1
αα   (73)

We can see the following conclusions. 
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4. Conclusions

P1. For one period of the sequence {Sn} the corresponding 
period of its reciprocal sequence { nζ } is the same but by 
inverse from the right to the left.

P2. In the both form of the general term we have of 
each of them; )()( 1+= i

p
i AA  and )()( 1+= i

p
i BB  except 

example 4 that is, 5 18
1 2( ) (3) 3 mod5pA Aγ= = ≠ =  also 

5 18 5 18
2 1( ) ( ) 3A Aγ γ= = ≠ = but 1

5
22

5
1 )(&)( BBBB == .

P3. In the both form of the general term we have of 

each of them; )()(
1 ii ppp αα =
−  and )()( )1()1( 1 −−−− =

− jkjk ppppp αα  

)()( )1()1( 1 −−−− =
− jkjk ppppp αα .

P4. The exponent of the coefficient of the first term in 
the general term in the sequence {Sn} is larger than the 
corresponding coefficient in the sequence{ nζ } by one 
except example 4.

P5. The length of the linear homogeneous part of the 
sequence {zn}is equal to 2((deg ( )) deg ( ))f x f x−  Where the 
f(x) is the characteristic polynomial of the sequence {Sn}. 

P6. The period of the sequence {Sn} equals the period 
of the sequence{ nζ }and equals (pk-1) but the period of the 
sequence {zn}in the examples1 to 3 is equal to half of this 
value but in example 4 is equals the quarter of this value.

P7. The set of all cyclic permutations of one period of 
the multiplication sequence {zn} is not orthogonal set.

P8. There is important difference between the properties 
of multiplication M-Sequences and MP-Sequences.

P9 – We did not come across one term in the basic Mp-
Sequene {Sn} as the sum of Exp.(Ai) and Exp. ( 1−ipα ) in 
formula of Sn are complement that is; (Exp.(Ai) + Exp.

( 1−ipα ) = pk -1 consequently the same for the nζ  and 
furthermore it the permutations between the “coefficients 
and roots which are in formula of Sn” will not be in the 

formula of nζ as in the binary M-Sequences.
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Appendix
 

43F  
0 12226    153    

180     2327 2    254  
  122 2328    2355    

2  222 2329    12356    
3  122 2330    12 257    

124    222 2331      358 2  
  25 2  22 2332    2259    

236 2    12 333     22360   

237    22234    122 2361    
128     22 2335   122 2362    
  239  1222 2336    222 363    

122310    2222 2337    22 264    
12 2311    222 2338     22 365   

12 312    22 339    22 266    
2213    240    22 2367   
 22 214    241   22 2368    

2315 22    242 2   12 2369    
22 316    343 2   222370    

2217    244    12 2371    
 2318    2245   12 2372    

122 219    2346 2   22373    
  2320 22  122 347    12 274    

 22 2321 
 

222 348      2375 2  

22322     222 2349   22376    
1323    222 2350    12377    

1224    22 2351    12378    
  325  2352   1379   
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