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ABSTRACT
In this paper, the detailed analysis of the influence of thermal and non-Newtonian aspects of lubricant (couple stress 

fluid) on EHL line contact as a function of slide-roll ratio is presented. The novel low complexity FAS (full approximation 
scheme), of the multigrid scheme, with Jacobi dipole and Gauss Seidel relaxation is used for the solution of coupled 
equations viz. modified Reynolds equation, film thickness equation and energy equation satisfying appropriate boundary 
conditions. The analysis reveals the combined influence of non-Newtonian, thermal and slide-roll ratio (of bearing moving 
with different speeds) on pressure, film thickness and pressure spike covering a wide range of physical parameters of 
interest. Results show that pressure spike is strongly influenced by thermal, slide-roll ratio and non-Newtonian character 
of lubricant with negligible effect on the overall pressure distribution. Also, the minimum film thickness is slightly altered 
and it increases with the increase in the couple stress parameter. These findings confirm the importance of non-Newtonian 
and thermal effects in the study of EHL.
Keywords: Thermal EHL; Slide-roll ratio; Couple stress fluid; Multigrid FAS; Non-Newtonian

1. Introduction
Elastohydrodynamic lubrication (EHL) is pri-

marily concerned with the lubrication of contacting 
surfaces (machine elements) where the high pressure 

generated, due to high load and speed, in the cavity 
results in the deformation of (contacting) surfaces. 
This in turn causes changes in pressure developed 
and in this process the basic properties of the lubri-
cant are affected. The viscosity and density of the 
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lubricant are functions of pressure and temperature. 
Due to the high speed of contacting surfaces thermal 
effects will have a considerable influence on EHL lu-
brication. In the contact region the pressure becomes 
very large (0.5 GPs to 3 GPs). With large speed film 
thicknesses reduces to some micrometers and as such 
wide range of scales is involved in EHL. Dowson 
and Higginson [1] and periodical review on EHL viz 
Hamrock and Tripp [2], Dowson and Ehrel [3], Schli-
jper et al. [4], Spikes [5], Lugt and Morales-Espejel [6]  
and others provide comprehensive developments 
(both theoretical schemes and experimental findings) 
in EHL line as well as point contact problems. Dis-
sertations of Venner [7] and Goodyer [8] and others 
present many salient features of EHL problems.

The numerical investigation of EHL line contact 
problems, with Barus viscosity-pressure relation 
by Petrusevich [9] predicts a second pressure spike 
near the exit, which is one of the important features 
of EHL. In the inlet region (considering lubricant 
flow from left to right) the lubricant is fully flood-
ed, the center (Hertzian contact) is a high-pressure 
region and again at the exit (out flow) the pressure 
is zero (cavitation region). Finite difference and 
finite element methods are commonly used in the 
EHL investigation. The studies pertaining to a wide 
range of parameters involved (especially those of 
high load cases) with algorithms of lower complex-
ity could overcome the limitations of conventional 
numerical schemes. Okamura [10] presents the nu-
merical solution of isothermal EHL by using the 
Newton-Raphson method. Lubrecht et al. [11] used a 
multigrid method introduced by Brandt [12], to solve 
EHL problems. Later, Brandt and Lubrecht [13] devel-
oped MLMI method for the fast evaluation of elastic 
deformation integral. Full approximation schemes 
(with Jacobi dipole relaxation) and others played a 
significant role in easing numerical studies of EHL 
problems by Venner [14], further details and finer as-
pects can be found in Venner [7]. Recently, Bujurke  
et al. [15] used the wavelet preconditioned New-
ton-GMRES method for the solution of EHL line 
contact analysis and demonstrate the efficiency of 
the solver in overcoming the limitations of conven-

tional numerical schemes.
For the pressure and effective modeling of EHL, 

especially in predicting minimum film thickness, in 
knowing the spread and height aspects of Petrusevich 
pressure spike, resulting surface stresses and other 
aspects of bearing lubrication, it is essential to in-
corporate the influence of rheology (non-Newtonian 
nature) of lubricants and thermal effects. Bell [16] was 
the earliest investigator to predict the importance 
of lubricant rheology on film thickness using Gru-
bin type method. Houpert and Hamrock [17], Conry  
et al. [18] solve isothermal EHL equation with Ree-Ey-
ring type lubricant using Newton-Raphson method 
and cover a wide range of parameters of interest. 
Jacobson and Hamrock [19] use simplified limiting 
shear stress model lubricant and find a reduction 
in film thickness by solving the modified Reynolds 
equation and film thickness equation simultaneously. 
Zhu and Neng [20] present theoretical and experimen-
tal work on EHL with grease as a lubricant. Bujurke 
et al. [21] use Jacobian free Netwon-GMRES solver 
for the solution of EHL line contact problem with 
grease as a lubricant and present spread and height of 
Petrusevich pressure spike as a function of a parame-
ter characterizing grease lubricant. Wang et al. [22] use 
the power law rheological model for the line contact 
EHL studies under pure rolling and find the location 
of the cavitation point as a function of the power law 
exponent. Chippa and Sarangi [23] consider the couple 
stress fluid model in finite line contact EHL problem 
and observe that, the increase in film thickness is due 
to an increase in the couple stress parameter. Das [24] 
and Saini et al. [25] also use a couple of stress fluid 
models in their EHL line contact analysis using the 
conventional finite difference method. Kantli et al. [26]  
and Shettar et al. [27] use a couple of stress fluid 
models in their detailed investigation of the second 
pressure spike and use Jacobian-free Newton-GM-
RES and Newton-MG schemes respectively. It is of 
interest to find the entry of bio-based lubricants in 
EHL[28] which are later also used by Awati et al. [29], 
Awati and Shankar [30] to find its novel features in 
tribology. Sternicht et al. [31] were one of the earliest 
investigators to incorporate thermal effects in EHL 
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rolling/sliding line contact problem. Later by as-
suming mean viscosity across the fluid film region, 
Cheng and Sternicht [32] and Dowson and Whitaker [33]  
investigate thermal EHL line contact problems 
for finding minimum film thickness. Murch and  
Wilson [34], Ghosh and Hamrock [35] attempt in ana-
lyzing thermal effects on EHL, which are accurate 
for moderate parameters (weight and speed). Sade-
ghi and Sui [36] solve thermal EHL rolling/sliding line 
contact using a system approach, developed earlier 
by Houpert and Hamrock [37] and derived accurate 
film thickness formula. Yang and Wen [38], Wolff 
et al. [39] analyzed the lubrication problem based 
on thermal EHL rolling/sliding line contact model 
and obtained the tapered wedge shape of oil film 
under high rolling speed and slip conditions. Wolff 
and Kubo [40] presented the applications of New-
ton-Raphson method for the solution of thermal EHL 
line contacts. Hsiao and Hamrock [41], Yang et al. [42] 
use the combined influence of non-Newtonian and 
thermal effects on film thickness and surface stresses 
in EHL line contact problems. Other important stud-
ies on this aspect are due to Salahizadeh and Saka [43],  
over rolling aspects, and recently more effective/
detail analysis by Liu et al. [44]. In most of the EHL 
papers, the solutions of EHL-line contact problems 
were solved by using Newton-Raphson method. 
The demerits of Newton-Raphson method are that, 
the computational complexity of the method is of 
order O(n3), n is the number of calculation points 
in the calculation domain. The elastic deformations 
term is the Jacobian matrix which is a n n×  matrix 
and obtaining its inverse requires O(n3) operations. 
Also, for high load and high speed the Jacobian 
becomes singular for a finer grid in employing the 
Newton-Raphson method. This difficulty can be 
overcome by using much lower complexity schemes 
for the solution. In this respect the computation 
complexity of the FAS method is of order O(nlogn) 
which is a more efficient method compared to New-
ton-Raphson.
Multigrid FAS method [45]

The nonlinear system of algebraic equations can 
be written as ( )h h hL u f= , where hL  is the nonlinear 

operator, u  is the exact solution, f  is the right hand 
side and h is the mesh size of a uniform finer grid. 
Let v  be an approximation to the exact solution then 

h h he u v= −  denotes the error and ( )h h h hr f L v= −  rep-
resents the residue. In FAS, instead of solving the er-
ror in the next coarser grid by restricting the residue, 
the system of nonlinear equations is solved with a 
modified right-hand side, i.e. 2 2 2 2( ).h h h h h h

h hf I r L I v= +  
Continuing this process till the coarsest level H is 
reached and error is computed as H H He u v= − . This 
error is added to the solution obtained in the next 
fine grid by interpolation and relaxation to get a new 
solution. Error is computed and this process is re-
peated until the finest level is reached.

The schematic representation of two grid FAS cy-
cle is as follows:

1)	 Relax ( )h h hL u f=  with a few relaxations on a 
fine grid with an initial value 0

hu  to get hv .
2)	 Compute residue ( )h h h hr f L v= −  and restrict 

residue hr  and hv  to a coarser grid.
3)	 Compute modified RHS as 2 2 2 2( )h h h h h h

h hf I r L I v= +
2 2 2 2( )h h h h h h

h hf I r L I v= +  and relax 2 2 2( )h h hL u f=  with the initial 
guess 2 2 2h h h

hv I v= .
4)	 Calculate error 2 2 2h h he u v= −  and interpolate 

to finer grids and add to hv .
5)	 Again relax ( )h h hL u f=  with hv  to get an ap-

proximate solution.

2. Mathematical formulation 
Consider two infinitely long cylinders that are 

rolling at speeds 1u  and 2u , separated by a lubricant 
(here couple stress fluid) and supporting a load W 
per/unit axial length. The elastic cylinders are of 
radius 1R  and 2R  with elastic moduli 1E , 2E  and of 
Poisson’s ratio 1v  and 2v  respectively. As rollers sup-
port high loads they experience elastic deformation 
in the central or Hertz contact region. With usual 
assumptions [1] the lubricant film thickness in dimen-
sionless form is:

2

0(X) H
2

XH V= + + � (1)

where 0
0 2

h RH
b

= , 
1 2

1 1 1
R R R
= + , b  is the half width of 
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Hertz contact zone, 2

hRH
b

= , h  is the film thickness 

and 0h  is offset film thickness.

21 ( ) (X S) dS
2

out

in

X

X

V P X Log
π
−

= −∫ � (2)

P is dimensionless pressure buildup in the lubri-
cant cavity, inX , outX  are inlet and outlet boundary 

co-ordinates (location) and xX
b

= .

The dimensionless steady-state Reynolds equa-
tion for compressible couple stress fluid as a lubri-
cant is given by Saini et al. [25].

3

( ) 0
 
H dP dK H

X dX dX
ρ ρ
η ξ

 ∂
− = 

∂  
� (3)

where 
1

2 3

12 12 81 tanh ,  = , ,
2

a
m

m

WHL
R L
λξ

π

−
 Ω = − + Ω =  Ω Ω   

2

2

4
3

W
UK π

= , mL  is a dimensionless couple stress pa-

rameter and aλ  is the molecular length of additive.
The dimensionless load balance equation is:

( ) .
2

out

in

X

X

P X dX π
=∫ � (4)

The Roelands [46] relation, in dimensionless form, 
connecting viscosity-pressure-temperature is:

{ } ( )9
0 0exp ln( ) 9.67 1 1 5.1 10 (1 ) ,

z

HP P T Tη η γ−  = + − + + × + −    
�(5)

where 0η  is the absolute viscosity, 
0

h
H

pP
p

=  is ambient 

pressure and z  is a constant characteristic of the 
liquid (pressure-viscosity index). The modified form 
of Dowson-Higginson [1] relation about density-pres-
sure-temperature in dimensionless form is:

{ }
9

09

0.6 101 1 ( 1) .
1 1.7 10

H

H

P P T T
P P

ρ β
−

−

 ×
= + − − + × 

� (6) 

The boundary conditions for the pressure distri-
bution are:

( ) 0;inP X =  and ( ) 0           X X .out out
dPP X at
dX

= = = � (7)

Energy equation 
Assume the lubricant properties such as thermal 

conductivity, specific heat and thermal expansivity 
to be constants with respect to pressure and tempera-
ture than the energy equation in dimensionless form 

is [47]:










∂
∂

−







∂
∂

−







∂
∂

=
∂

∂
Z
UK

X
PUTHK
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TUHK

Z

T τ
φ
ηρ 1

2
2

2
32

2

� (8) 

where,  
2

1
0 0

( ' )E RUK
T kη

= ,  
2

0

2

2
8

4
)'(






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
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
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8

U
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2
2 2 cosh(2 ) / 21 2 1 ,

2 cosh( / 2 )
b a a

a a
a

u u z hpu u z z hz
h x h

λλ
η λ

  − −∂  = + + − + −  ∂    
 

2
2 2 cosh(2 ) / 21 2 1 ,

2 cosh( / 2 )
b a a

a a
a

u u z hpu u z z hz
h x h

λλ
η λ

  − −∂  = + + − + −  ∂    
from Siani et al [25]. 

'E
ττ =  

and τ  is shear stress of the couple stress fluid and is 

given by 
3

2
3a

u u
z z

τ η λ
 ∂ ∂

= − ∂ ∂ 
.

The associated boundary conditions for the ener-
gy equation becomes:

  ( ,0) ;   ( , ) ,a bT X T T X H T= = � (9)

where  and Ta bT  are the lower and upper surface tem-
peratures of bearing surfaces and are given by [37]:

( ) ( )1/2 3/4
0

01 1 1

/ 8 1 '( ) 1
[ ' (1 / 2)] 'i

Xf
a X

Z

k W T dXT X
H Zc k E U s R X X

η π

πρ =

∂ = +  ∂− − ∫ �(10)

( ) ( )1/2 3/4
0

12 2 2

/ 8 1 '( ) 1
[ ' (1 / 2)] 'i

Xf
b X

Z

k W T dXT X
H Zc k E U s R X X

η π

πρ =

∂ = +  ∂+ − ∫ � (11)

The mean dimensionless temperature mT  is ob-
tained as follows:

1

0
mT Td Z= ∫ � (12)

In fact, the surface temperatures aT  and bT  (men-
tioned above) are not known in advance. The heat 
generated in the lubricant is due to roller surfaces 
experiencing continuous heat flux from the lubricant 
film as it moves through the contact area. This tem-
perature rise at the surface of rollers is equivalent to 
a stationary semi-infinite solid subjected to a moving 
heat source on its surface which is an elegant work-
out problem in Carslaw and Jaeger [48] and this solu-
tion is the notation of our boundary conditions on aT  
and bT  mentioned above. 

3. Discretization of governing equations
The Equations (1)-(3) and (8) are discretized 

using second-order finite difference approximation 
with grid size (with a number of grid points N) 

512N =  in the spatial domain of computation i.e. 
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[ ,  ] [ 4,  1.5]in outX X = −  and cX , the cavitation point to be 
determined during the solution process. The discre-
tized form of the Reynolds equation and relevant 
boundary conditions are:

X
HHK

X
PPP iiiiiiiiiii

∆
−

=
∆

++− −−+++−−− 11
2

2/12/12/12/112/1 )( ρρεεεε � (13)

where, 
2

  and        , 1

2
1

3

1
±

±
−

±
==−=∆ ii

i
ii

ii
iii

HXXX εε
ε

ξη
ρ

ε ,

1( ) ( )( ) 0   and 0.out out
in

P X P XP X
X

−−
= =

∆
� (14) 

The film thickness equation in discretized form 
as:

2

0 ,
1

1 ,
2 2

N
i

i i j j
j

XH H D P
π =

= + + ∑ � (15)

where, 

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.,...,2,1,0   ,,...,2,1,0 njNi ==  The force balance equation in discre-
tized form as:

.0
221

1 =−





 +

∆ ∑
=

− πN

i

ii PPX � (16)

The energy equation in discretized form as:
, 1,2 2

1 1 3 2 12

1 ( 2 ) .
( )

i k i k k
kk k k k i i k

T T P UT T T K H U K H UT K
X XZ Z

ηρ τ
ϕ
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X XZ Z

ηρ τ
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 −  ∂ ∂
− + = − −   ∆ ∂∆ ∂   

�
(17)

The convergence criteria for pressure and temper-
ature becomes:

1 1

1 1

( ) ( )
 and  ,

k k k k
i i i i

k k
i i

P P T T
P T

ε ε
+ +

+ +

− −
≤ ≤∑ ∑

∑ ∑
where,  1 4Eε = −  is error tolerance.

4. Numerical method
We use Multigrid Full Approximation Scheme 

(FAS) for the solution of a nonlinear system of alge-
braic equations i.e. Equations (13) to (16) with rela-
tions Equations (5) and (6). The geometry and materi-
al parameters used are the ones given in Saini et al. [25]  
which pertain to broad aspects of (EHL line contact) 
bearing in use. The relaxation process in FAS is fol-
lowed as described by Venner [14]. The coefficient ε  
in Equation (13) varies several orders of magnitude 
over the computational domain. The inlet and outlet 

regions 1ε >>  ( 3 and Hη are large), whereas in con-
tact regions 1ε <<  ( 3 and Hη are relatively small). For 

1ε >> , Gauss-Seidel relaxation and for 1ε << , Jacobi 
dipole relaxation is applied with an under-relaxation 
factor of 0.3~0.6; and 0.1~0.3 respectively.

The procedure of FAS for EHL problem requires 
pressure correction in every grid but 0H  in load bal-
ance is corrected only on the coarsest grid. Let us as-
sume that an approximate solution iP , iH  is obtained 
from Equation (15). The Gauss-Seidel relaxation 
process is applied in obtaining new approximation iP  
in the region of large 2hε  and is given by:

1

,
h
i

i i i
i

LP P r
P

−
 ∂

= +  ∂ 


where, ir  is the residual of the discrete Reynolds 
equation at ,i

2
1/2 1 1/2 1/2 1/2 1 1 1( ( ) ) / ( ) / ,i i i i i i i i i i i ir P P P h H H hε ε ε ε ρ ρ− − − + + + − −= − − + + + −     

           21/2 1 1/2 1/2 1/2 1 1 1( ( ) ) / ( ) / ,i i i i i i i i i i i ir P P P h H H hε ε ε ε ρ ρ− − − + + + − −= − − + + + −           �    
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∂
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i.e. 2
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h

hh hhi
i i i i i i i i

i

L h K K h
P

ε ε ρ ρ
π− + − −

∂
≈ − + + −

∂
 

The Jacobi dipole relaxation process is applied in the 
region of small 2hε  and pressure is updated as i i iP P δ= +  
and 1 1i i iP P δ− −= − . For the calculation iδ  we use:

1

1

h h
i i

i i
i i

L L r
P P

δ
−

−

 ∂ ∂
= − ∂ ∂ 

where,
2
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2
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P P

ε ε ρ ρ
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−
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− ≈ − + + −
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 

The cavitation condition is obtained by replacing 
negative iP  values (in the calculation) with zero. 
There satisfy the load balance equation and 0H  is 
corrected as:

( )
1

0 0 1
0
0.5

2

n

j j
j

H H c h P Pπ −

+
=

 
= − − + 

 
∑

where c is a suitably chosen constant and jP  denotes 
the current approximation to jP . The algorithm for 
the solution of the thermal EHL problem:

1)	 Solve the Reynolds equation by the FAS 
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method and apply MLMI method to solve elastic 
deformation with initial pressure and temperature.

2)	 Obtained pressure is used to solve energy 
equation by finite difference with the Gauss-Seidel 
iteration method.

3)	 The temperature in step 2) is again used to 
solve the Reynolds equation for pressure and thermal 
equation.

4)	 This process is repeated till convergence is 
achieved.

5. Result and discussion 
Computations are performed using FAS with Jac-

obi dipole relaxation (Reynolds equation), MLMI 
(film thickness equation) and Gauss-Seidel (Tem-
perature/heat equation) for various parameters and 
obtain pressure, film thickness and temperature 
distributions and details of a pressure spike. By us-
ing double precision arithmetic and confining to the 
stopping criterion of iteration as mentioned above. 
Profiles of P  and H for various mL  with sliding ra-
tio 0.5s =  and 0.1s =  are given in Figure 1(a, b) for 
the isothermal case and those in Figure 2(a, b) with 
thermal effect. Pressure in the inlet and Hertz contact 
region is not much affected by either couple stress or 
thermal effect. However, the pressure spike with the 

isothermal case and its influence is found that shift 
towards centre of the contact region with increasing 

mL . These are shown with moderate load and speed 
for both 0.5s =  and 0.1s = . However, film thickness 
increases with increasing values of mL  for both iso-
thermal and thermal cases. Profiles in Figure 3(a, b) 
are pressure and film thickness for varying load and 
moderate value of U  and mL  with 0.5s =  and 0.1s =  
respectively. Pressure spike has a noticeable sharp in-
crease in height for 0.5s =  compared with 0.1s = . Not 
much change in other parts of P  but there is a slight 
variation in minimum film thickness with increasing 
W . Profiles in Figure 4(a, b) are again for P  and H 
with varying speed and fixed values of W  and mL  for 

0.5s =  and 0.1s =  respectively. Pressure spike has a 
marginal effect but film thickness decreases consid-
erably for increasing values of U  in both the cases 
of slide/rolling ratio. A similar observation is made 
with earlier theoretical models on EHL line contact 
by Wang and Zhang [47] using different rheological 
models and Saini et al. [25] a compressible couple 
stress fluid model. They employ Newton-Raphson 
method for their analysis of moderate load and mod-
erate speed. The present solver overcomes these lim-
itations and it enables to analyze of the problem by 
incorporating moderate to high load and high speed.

 

Figure 1a. Isothermal Pressure and film thickness profiles for varying mL  at U=2E-11, W=2E-04 and s=0.5.
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Figure 1b. Isothermal Pressure and film thickness profiles for varying mL  at U=2E-11, W=2E-04 and s=0.1.

Figure 2a. Thermal pressure and film thickness profiles for varying mL  at U=2E-11,W=2E-04 and s=0.5.

Figure 2b. Thermal pressure and film thickness profiles for varying mL  at U=2E-11,W=2E-04 and s=0.1.
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Figure 3a. Thermal pressure and film thickness profiles for varying W at U=2E-11, mL =1E-04 and s=0.5.

Figure 3b. Thermal pressure and film thickness profiles for varying W at U=2E-11, mL =1E-04 and s=0.1.

Figure 4a. Thermal pressure and film thickness profiles for varying U at W=2E-04, mL =1E-04 and s=0.5.
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The detailed analysis of pressure spikes is of 
much importance in bearing design. Earlier attempts 
on this topic are by Bisset and Glander [49], Venner 
and Napel [50] and Bujurke et al. [15] using different 
methods. Here, we present the pressure spike in an 
enlarged region to elucidate its details. In Figure 
5(a, b) details of pressure spike (height, spread, lo-
cation) with varying load and prescribed U  and mL  
are shown for 0.5s =  and 0.1s =  respectively. In Iso-
thermal, case pressure spike decreases for increasing 
load but using thermal effect it has noticeable height 
and spread but shifts towards exit region. Much 
sharper profiles are observed for 0.5s =  and com-
pared with that of 0.1s = . In Figure 6(a, b) profiles 
of pressure spikes are shown for varying mL  and 
fixed moderate W  and U  for both 0.5s =  and 0.1s =  

respectively. Spike is spread in a larger region with 
greater height and it shifts slightly towards the center 
of the contact for increasing slide/rolling ratio with 
thermal effect. Spike structure analysis is a delicate 
issue but we just present our findings, which are 
qualitative. There is an increase in minimum film 
thickness with an increase in s compared with vis-
cous lubricant. However, for both viscous and couple 
stress fluids there is a marginal decrease in minimum 
film thickness due to thermal effects. From profiles 
in Figure 7(a, b), it is clear that, the pressure spike 
increases slightly whereas film thickness decreases 
considerably for the increase in slide-roll ratio. In 
Figure 8 pressure spike in the enlarged region (of 
Figure 7a) is shown. Profiles in Figure 8 show these 
assertions clearly.

Figure 4b. Thermal pressure and film thickness profiles for varying U at W=2E-04, mL =1E-04 and s=0.1.

			   （a）						            （b）
Figure 5. Thermal pressure spike for varying W at U=2E-11, mL =1E-04, s=0.5(a) and s=0.1(b).
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			    （a）						               （b）
Figure 6. Thermal pressure spike for varying mL  at U=2E-11, W=2E-04, s=0.5(a) and s=0.1(b).

Figure 7(a, b). Thermal pressure and film thickness profile for varying s  at U=2E-11,W=2E-04, Lm=1E-4.

Figure 8. Thermal pressure spike profile for varying s, at U=2E-11, W=2E-04 and Lm=1E-04.
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6. Conclusions
FAS is one of the most efficient algorithms of low 

complexity for the analysis of more involved EHL 
problems, which overcomes the limitation of con-
ventional numerical schemes. The observations such 
as a decrease in height and spread of pressure spike 
and shift of its location (or maximum value) towards 
the center of the contact region for an increase in s ,  
the slide-roll ratio (or moving bearing surfaces), is 
a useful prediction in design of bearings. Pressure 
spike increases with increase s, the slide-roll ratio. 
The rise in temperature decreases with increasing 
s  with couple stress fluid as a lubricant (compared 
with viscous cases), whereas the pressure spike shifts 
towards exit for the increase in load and speed and is 
almost dimensionless in height as well as in spread. 
Minimum film thickness decreases with thermal ef-
fects but with non-Newtonian aspect of the lubricant, 
minimum film thickness increases with an increase 
in mL  the couple stress parameter. These predictors 
can serve as a sort of input information for the bear-
ing designers.

Nomenclature
b 	 half width of the Hertzian contact zone, 
[ ]1/28 / ( ')b wR Eπ=

'E 	 effective elastic modulus of roller and disc, 
2 2
1 2

1 2

1 11 1
2

v v
E E E

 − −
= + ′  

1,2E 	 elastic modulus of solids
h 	 film thickness
H 	 dimensionless film thickness 

mL 	 couple stress parameter
G	 material parameter, G Eα ′=

P 	 dimensionless pressure,
H

p
p

p 	 pressure
Hp 	 maximumHertzian pressure, 2 /Hp w bπ=

R 	 reduced radius of curvature in the x −-direction 
t 	 temperature

0T 	 inlet temperature of the lubricant 

T 	 dimensionless temperature, 
0

tT
T

=

U 	 dimensionless speed parameter 0 / ( ' )mU u E Rη=

mu 	 average entrainment speed ( ) / 2m a bu u u= +

,a bu 	 lower and upper surface speed.
s 	 sliding/rolling ratio 
w 	 applied load per unit length 
W 	 dimensionless load parameter / ( ' )W w E R=
z 	 pressure viscosity parameter

X 	 dimensionless-ordinate, xX
b

=

X∆ 	 space increment
Z 	 dimensionless coordinate, ,

H
zZ =

Z∆ 	 increment along z axis

Greek symbols

α 	 pressure viscosity index 
β 	 thermal—density coefficient
γ 	 thermal-viscosity coefficient of  lubricant

1,2k 	 thermal conductivity of rollers

fk 	 thermal conductivity of lubricant

,a bρ 	density of solids    

1,2υ 	 Poisson’s ratio of solids

τ 	 shear stress

1,2c 	 specific heat of solids

η 	 viscosity of lubricant

0η 	 viscosity at ambient pressure

η 	 dimensionless viscosity
ρ 	 density of lubricant

0ρ 	 inlet density of pressure 

ρ 	 dimensionless density

pc 	 specific heat of lubricant  

aλ 	 molecular length of additive.

     
'E

ττ =
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