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ABSTRACT

Predator-prey dynamics are strongly influenced by environmental factors, such as the availability of resources,
habitat quality and climatic conditions, which determine species survival, species reproduction and aggregate defensive
behaviour. Using these ecological processes, a three-species predator-prey model is formulated and analysed, with prey
group defence dependent on an environmental logistic function. Predation intensity, influenced by environmental conditions,
is examined, and the long-term dynamics of interacting populations under these conditions are explored. Biologically
plausible equilibrium points are verified, and their local and global stability is thoroughly investigated by the Routh-Hurwitz
criterion and Lyapunov function methods, respectively. The governing equations are modified to include diffusion terms
to describe the dispersal of species in space, leading to a reaction-diffusion system that describes the spread of species
in heterogeneous habitats. A three-level finite difference scheme is developed to approximate the diffusive model, and
its numerical stability is examined through Von Neumann analysis. Furthermore, the stability of the reaction-diffusion
system is investigated using a Fourier series expansion and the Routh-Hurwitz criterion. Increased effective predation,
larger population oscillations, and less stable coexistence between species are shown to result from a reduction in the
strength of environmentally regulated group defence. In contrast, diffusion can help smooth spatial population gradients,
making the ecosystem more resilient to effective predation and promoting species redistribution. The mathematical model
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proposed here can contribute to a better understanding of the complex interplay between environmental drivers, collective

defense, and spatial dispersion in predator-prey dynamics and is potentially applicable to ecological modelling, biodiversity

conservation, habitat management, and the analysis of spatially structured ecosystems.

Keywords: Group Defense; Stability; Bifurcation; Routh-Hurwitz Criterion; Lyapunov Function; Explicit Numerical

Scheme

1. Introduction

Predator/prey dynamics in complex ecological systems
have always been of interest to scientists and ecologists. The
interactions of these species determine the basic structure of
life on Earth and play a key role in the stability and resilience
of the ecosystem. Ecological predator-prey models have
gradually shed light on the dynamics behind the rise and fall
of species populations by providing a needed perspective
on the functioning of these complex relationships. While
there are several models, no one has yet explained how prey
species, which are normally helpless and vulnerable, can
endure the constant attacks of predators.

This study explores the central issue of the ecologi-
cal dilemma by focusing on the enigmatic nature of Factor-
Guided Group Defense Mechanisms in predator-prey mod-
els with both diffusive and non-diffusive dynamics. Under-
standing the processes that underlie prey defence strategies
and how they may change under different environmental
conditions has broad implications for the conservation and
management of natural ecosystems. This work not only en-
riches theoretical knowledge of ecological processes but also
deepens understanding of the complex methods required to
navigate the dangerous realm of predation and highlights
nature’s fragile balance amid persistent challenges.

Oscillatory systems of differential equations are com-
monly observed in a wide range of ecological models and the
field of mathematical biology!!!. Relaxation oscillators are a
class of oscillators characterised by two distinct time scales.
If the time scale of the activator is significantly shorter, sev-
eral activator-inhibitor models exhibit this characteristic[?!.
A defining feature of relaxation oscillators is the phenomenon
known as the excitation cycle ). This limit cycle can be elim-
inated via homoclinic bifurcation when appropriate parame-
ters are changed. When this occurs, the system is said to be
excitable®). When a system is excitable, perturbations larger
than the threshold (super-threshold perturbations) cause the

trajectory to make a large phase space excursion, called an
excitation cycle.

In contrast, excitation behaviour is absent during di-
rect convergence to the linearly stable equilibrium follow-
ing a sub-threshold disturbance. Here, the stable manifold
of the newly developing saddle-node serves as the excita-
tion threshold [*-1. Still other contributions turn to stochas-
ticity, examining how environmental noise, regime switch-
ing, or fear-mediated behavioral responses interact with spa-
tial diffusion to govern extinction, persistence, and long-
run statistical equilibrial®. Predator-prey model with prey-
taxis is discussed in detail by Fan et al.[’l. Four-species
delayed predator-prey system is studied by Jia et al.[®]. Oth-
ers incorporate behavioral mechanisms such as prey-taxis
and hunting cooperation, showing how directed movement
toward or away from the opposing species can itself be-
come a source of pattern formation or, conversely, a stabi-
lizing force!®). Lam and Lee studied the asymptotic spread-
ing dynamic of predator-prey populations in shifting envi-

ronment['°]

. Finally, a growing literature addresses non-
equilibrium and moving-habitat scenarios, using tools such
as the Hamilton—Jacobi approach to characterize invasion
and spreading speeds as environmental conditions shift in
space and time!!'!l. Reaction-diffusion stochastic predator-
prey system with fear effect is studied in detail!'?l. The
behavioral mechanisms, prey-taxis and hunting cooperation
is also presented by Tao and Wang!'3]. Diffusion has long oc-
cupied a central place in the mathematical study of predator—
prey interactions, ever since Turing’s insight that differential
dispersal rates between interacting species can destabilize an
otherwise stable equilibrium and generate self-organized spa-
tial structure. In the years since, this basic observation has
grown into a rich and still-expanding research program, one
that recent work continues to push in new directions. Some
studies extend the classical reaction-diffusion framework to
heterogeneous or anisotropic habitats, where directional or

spatially varying dispersal reshapes persistence and coexis-
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tence outcomes!'#!. A parallel body of work folds in ecologi-
cal realism through delay, feedback control, disease transmis-
sion, or multi-species architectures, broadening single-pair
models into more elaborate community-level systems![!3].
Taken together, these threads illustrate that diffusion is no
longer treated merely as a background transport process in
predator—prey theory, but as an active ingredient whose in-
terplay with behaviour, heterogeneity, and randomness con-
tinues to generate genuinely new dynamical phenomena.
Recent studies have further demonstrated that fear-induced
group defense and cooperative hunting can substantially mod-
ify predator—prey dynamics, producing complex bifurcation
behavior, seasonal responses, uncertainty-driven changes,
and spatio-temporal patterns '],

In this research, the authors reveal that, over time, prey
can drive predator extinction, accelerating the trade-off be-
tween food acquisition and safety in predator—prey ecol-
ogy!'”). The authors discuss a predator-prey system, particu-
larly in the context of cooperative hunting by the predator
and the fear observed in the prey population!'8]. The impact
of group defense on the predator-prey system is studied by
Pal et al.[']. Their findings reveal that the parameters as-
sociated with group defence and predator-induced fear play
vital roles in the survival and extinction of populations. Kim
et al. found that fear of predators is triggered by predator
aggregation, which in turn elicits an anti-predator response

(201 The authors consider cooperative hunting

in the prey
in generalist predators and group defense in prey within a
mathematical framework to discuss the enormous diversity
the system could encompass !, Backfiring is the term used
to describe what happens when one pulse is moving in one
direction, and another splits off and moves in the opposite
direction[??]. In this research, the authors reveal, via numeri-
cal simulations, the emergence of a range of spatio-temporal
patterns. They also demonstrate the patterns transformation
with changes in ecological and evolutionary factors[?3.
Importantly, from an ecological point of view, the ex-
citable nature of systems allows for prolonged coexistence in
spatially explicit systems that would not otherwise be viable
without these patterns. For instance, it can be used to gauge
the likelihood of a biological invasion’s success, which might
have far-reaching consequences for ecosystems. Therefore,
in-depth research into such models is necessary for a compre-

hensive understanding of many occurrences. The dynamics

of a pure reaction-diffusion system in classical mechanics
have been thoroughly investigated. If the matrix of diffu-
sion coefficients is diagonal and all its diagonal elements are
constants, then we have a classical pure reaction-diffusion
system. In ecological terms, this indicates that the disper-
sal of any given species is determined only by its gradient.
This is a crucial assumption in environmental settings, and
relaxing it can drastically alter the results of time-series mod-
els. It was recently demonstrated that cross-diffusion in a
Bonhoeffer-van der Pol model can result in isolated pulses or
wave trains?*. The phrase “wave train” refers to a series of
such pulses, while the word ’solitary pulse” refers to a single
travelling pulse reflecting a homoclinic solution®*). The
inhomogeneity of diffusivities in a Gray-Scott model with
varied diffusion coefficients can dampen self-replicating be-
havior®]. Advection can also cause wave trains to form
in a model with Dirichlet boundary conditions %%/, Due to
geographical segregation, it was found that competing popu-
lations can coexist in ecological situations through movement
responses to environmental gradients?’). In a more recent
study, the authors discussed that using taxis as a factor in
a competitive system can also impact the success of an in-
vasion. Prey taxis, in which predator movement depends
on the prey density gradient, is a more typical example of
an ecological rationale for the existence of a non-diagonal

diffusion matrix (28!

. A concise summary of the effects of
pursuit-evasion dynamics on biological invasions!?’!. Bate
studied the effect of prey-taxis on the velocity of propagating
waves 3%, The authors discussed pattern formation and/or
predator-prey taxis, and stability and bifurcation were studied

312331, No research on whether such a circum-

in these papers!
stance occurs within a practical range of parameters in an
ecological system has been included in the theoretical justifi-
cation. In addition, unlike in conventional reaction-diffusion
systems, the effects of non-diagonal diffusion coefficient
matrices (cross-diffusion) in ecological systems have not
been extensively studied. Most spatially explicit models
(especially those based on partial differential equations) as-
sume that prey and predators only move by diffusion. This
means that predators and prey act arbitrarily, uninfluenced
by outside factors. However, motion is rarely haphazard.
Prey and predators are attracted to and repelled by a vari-
ety of environmental gradients, including those of chemical
attractants and repellents (chemotaxis), oxygen concentra-
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tion (aerotaxis), and prey density (prey-taxis). In their work
modelling the foraging behaviour of Ladybugs, the authors

»[34]

developed the term “prey-taxis To model prey-taxis,

researchers can take a “direct” or “indirect” approach[**].
The term “direct prey-taxis” refers to the incorporation of a
flux in the predator dynamics that is dependent on gradients
of prey density 3436731 while the term “indirect prey-taxis”
refers to the incorporation of a separate predator velocity
equation where predators accelerate according to prey gradi-
ents. So, in direct prey-taxis, the predator’s speed is directly
proportional to the gradients of available prey (similar to the
formulation of other classical taxis models, such as chemo-
taxis). Still, in indirect prey-taxis, the predator speeds up
to match the gradients in the availability of prey. It appears
that these two approaches to modelling prey-taxis produce
contradictory outcomes. The stabilizing impact of direct
prey-taxis limits the spatiotemporal chaos and oscillations
induced by intense prey-taxis 38, However, this is only pos-
sible for moderate (and appealing) prey-taxis values when
using indirect prey-taxis(*?l. Some ‘inertia’ or delay may
account for this distinction in indirect prey-taxis; once preda-
tors reach the peak of prey density, they stop accelerating
but retain their velocity, allowing them to overshoot their
target. While many studies have examined the role of prey-
taxis in pest control %], most have instead focused on pattern
development[®!]. The spatial and temporal variations of the
predator’s velocity are discussed by the prey gradient*].
The authors introduced prey-taxis into the Previte—-Hoffman
model and investigated steady-state bifurcation under no-flux
boundary conditions. They analysed the stability of the posi-
tive equilibrium, the Hopf bifurcation, and the steady-state
bifurcation. Using Crandall-Rabinowitz’s local bifurcation
theory, they studied the existence and stability of nonconstant
steady states resulting from the bifurcation*?!. The authors
explored prey-taxis in an ecological model by investigating a
predator-prey system3]. They studied the local stability of
the positive equilibrium and the conditions for steady-state
bifurcation. Then, they investigated the existence and sta-
bility of the bifurcating solution near the threshold. Chen,
Mengxin, and Ranchao Wu[**! made a valuable contribution
to understanding how predator-taxis influence a predator—
prey model with Michaelis—Menten-type nonlinear harvest-
ing. They established the local and global existence, and the
boundedness, of solutions to the system through theoretical

analysis of quasilinear parabolic equations. Chen, M., and
Srivastava, H.[#] were interested in a chemotaxis model with
no-flux boundary conditions. The authors investigated the
stability of the singular positive steady state, both as a pa-
rameter for Hopf bifurcation and for steady-state bifurcation,
with respect to the chemotaxis coefficient. Then, using the
Crandall-Rabinowitz local bifurcation theory, the existence
and stability of the bifurcating solution from the steady-state
bifurcation are investigated.

Novelty and Main Contributions

Although predator-prey models, reaction-diffusion
equations, group-defence mechanisms, and numerical finite-
difference methods have each been extensively investigated,
relatively few studies integrate all these components into a
single mathematical framework. The novelty of the present
work lies not in introducing an entirely new ecological pro-
cess, but in developing a comprehensive mathematical model
that simultaneously incorporates environmental regulation
of prey group defense, spatial diffusion, rigorous analyti-
cal investigation, and efficient numerical computation. The

present study makes the following key contributions:

(1)  An environmentally regulated logistic group-defense
function is used to model adaptive prey defense under
varying environmental conditions in a three-species
predator-prey model.

(2) The model is developed to incorporate diffusion to
study both temporal and spatial predator-prey dynam-
ics in heterogeneous habitats.

(3) Theoretical analyses establish the positivity, bounded-
ness, existence, and local and global stability of the
proposed ecological model.

(4) A new explicit three-level finite difference scheme is
developed to solve the nonlinear reaction-diffusion sys-
tem with second-order temporal accuracy efficiently.
(5) The proposed numerical method is validated through
Von Neumann stability analysis and tests of nonlinear
convergence, positivity, and boundedness.

(6) Numerical simulations demonstrate the roles of en-
vironmental regulation and group defence in species
coexistence, ecosystem stability, and biodiversity con-

servation.

The proposed framework unifies environmental reg-
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ulation, diffusion, stability analysis, and efficient numeri- framework. In Table 1, we present a comparison of the

cal approximation within a single predator-prey modelling present work with representative studies in the literature.

Table 1. Comparison of the present work with representative studies in the literature.

Existing Literature

Representative
References

Present Work

Predator-prey models with constant
group-defense functions, where prey defense
is assumed fixed or depends only on predator
density.

Classical reaction-diffusion predator-prey
models emphasizing diffusion-driven
coexistence and spatial pattern formation
without environmental regulation of defense.
Traditional three-species ecological models
involving two prey and one predator but
neglecting environmentally dependent
collective defense.

Stability analyses primarily focused on
equilibrium existence or local stability using
Jacobian eigenvalues.

Numerical studies employing conventional
finite difference or finite element methods

Cosner et al. [40]; Lj et
al.[7]; Berezovskaya et
al. [48]

Murray [*]; Cantrell and
Cosner5%1: Okubo and
Levin 51

Freedman[°2!; Hsu et
al.[33]; Chattopadhyay and
Arino 34

Perko [*5]; Hofbauer and

Sigmund (%%

Morton and Mayers [37);
LeVeque *8]; Smith [5]

Introduces an environmentally regulated group-defence mechanism
via a logistic function, allowing defence intensity to vary
continuously with environmental conditions.

Develops a reaction-diffusion model in which environmental
drivers directly regulate collective defense, thereby influencing
both temporal and spatial population dynamics.

Proposes a three-species ecological system integrating two prey
populations, one predator, diffusion, and environmentally
controlled group-defense mechanisms within a unified framework.

Provides a complete qualitative analysis, including positivity,
boundedness, equilibrium existence, local stability via the
Routh-Hurwitz criterion, and global stability using a Lyapunov
function.

Develops a new explicit three-level finite difference scheme,
derives the unknown coefficients using Taylor series expansion,

with limited stability analysis.

Ecological models discussing diffusion or Roy et al.[6%]

group defense separately.

performs Von Neumann stability analysis, and verifies nonlinear
convergence numerically through mesh-refinement studies.
Integrates environmental regulation, group defense,
reaction-diffusion dynamics, analytical stability theory, and
numerical computation within a single mathematical framework.

The present study focuses on the combined effects of
environmental drivers, prey-group defence, and spatial dif-
fusion in a three-species predator-prey system comprising
two prey populations and one predator population. Unlike
many existing studies that consider only homogeneous en-
vironments or single-prey interactions, the proposed model
incorporates an environmentally regulated group-defence
mechanism and random spatial movement via diffusion. The
mathematical analysis establishes positivity, boundedness,
the existence of an equilibrium, and both local and global sta-
bility conditions for the non-diffusive system. The reaction-
diffusion extension is then investigated using Fourier anal-
ysis and the Routh-Hurwitz criterion. At the same time, a
three-level finite difference scheme is developed and anal-
ysed using the Von Neumann stability analysis.

Although a large body of literature exists on predator-
prey systems with group defence and reaction-diffusion dy-
namics, several important limitations remain. Many pre-
existing models assume that prey protection is constant and
ignore environmental influences on prey protection strate-
gies. Moreover, a few studies have integrated, within a single
modelling framework, the simultaneous inclusion of envi-

ronmentally regulated group defence, multiple prey species,

spatial dispersal, comprehensive stability analysis, and effi-
cient numerical approximation. These restrictions motivate
the present work. The main goal of this study is to develop
and analyse a reaction-diffusion predator-prey model that in-
corporates group defence in the presence of the environment,
identify the qualitative properties of the resulting system
of equations, and construct an accurate three-level finite-
difference scheme to study the spatiotemporal dynamics of
the system. The suggested framework offers both mathemat-
ical and ecological perspectives on the role of environmental
variability in predator-prey coexistence and ecosystem sta-
bility.

The study is organized as a series of sections. Sec-
tion 2 presents a three-species ecological model, explains
the model parameters, and demonstrates the influence of
group defence on predation rates. In Section 3, the model
is analysed, including positivity and boundedness, identifi-
cation of equilibrium points, existence conditions for equi-
librium points, local/global stability analysis based on the
Routh-Hurwitz criterion, and a Volterra-type Lyapunov func-
tion. In Section 4, a diffusion system related to the model
is introduced, and its stability is analysed. In Section 5, an

explicit numerical scheme for the simulation and analysis
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of the model/diffusion system is constructed, and the Von
Neumann criterion is used to analyse it. The findings are
thoroughly discussed in Section 6. Finally, in Section 7, a
brief conclusion summarizes the key findings and indicates

future research directions.

2. The Model

Ordinary differential equations are efficiently used to
model predator-prey interaction. Several factors play a cru-
cial role in determining the system’s complexity. Here, we
define a three-species predator-prey model that incorporates
the impact of group defense. Group defense is a strategy that
the prey use to reduce the risk of attack. Group defence by
prey species is a captivating survival strategy observed in
the animal kingdom, in which individuals collectively thwart
their natural enemies’ predatory advances. This astonishing
phenomenon manifests as a coordinated effort among mem-
bers of a prey species to reduce the overall risk of predation.
These prey species find safety in numbers, often through syn-
chronised behaviours such as flocking, schooling, or herding.
Grouping makes it much harder for predators to take out a

single prey item and provides a strong defence against poten-

tial predators. Predator limitation — predators are unable to
attack more than one prey item at a time, and the confusion
and complexity of prey groups provide protection not avail-
able to prey individuals in isolation. This approach increases
the likelihood that individual prey survive and highlights
how remarkable it is that animals can be so adaptable and
social. We consider three species models in this study, com-
prising two prey species and a predator species. The model

is described below

9L —rp(1-4£) 0
12— (1- %) o
_QQQN(l—:H_e_G;?L%)7 t>0
W =NEP5Q) (1 ) )
—0N, t>0
with the following initial conditions
P(0) > 0,Q(0) > 0,N(0) > 0. @)

The parameters are considered non-negative, and their

physical meanings and notations are presented in Table 2.

Table 2. Parameters and their physical meanings.

Parameters Physical Meanings

P Population density of prey-1

Q Population density of prey-2

N Predator’s population density

1 Intrinsic growth rate for P

T2 Intrinsic growth rate for Q

K, Carrying capacity for P

K> Carrying capacity for Q)

Gmaz Maximum level of group defense

a1 Attack rate of the predator on prey species P

Qs Attack rate of the predator on prey species ()

Do Threshold value of the environmental driving factor at which group defense increases significantly

D Normalized environmental suitability or driving factor representing resource availability, habitat quality,
temperature suitability, vegetation cover, and predation pressure.

K Steepness parameter controlling the sensitivity of group defense to changes in D

1) Death rate for predator

b1 Conversion rate of Pto N

B2 Conversion rate of Q to

To account for environmentally regulated collective
behaviour, the predator-prey interactions are modified by the
group-defence function G, which adjusts the effective pre-
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(1)—(3) as

ar P (1_;{3) ~mPN(1-G),t>0 (5

d
£2T2Q<1—I%)—GQQN(1—G),I‘J>O (6)
‘% — N(BP+ Q) (1-G) —dN,t>0 (7)
where G = Gmae

THe K(D=Dg)*

Here G depends on several factors like G, D, Do
and K. The factor G,,,,, represents the maximum level of
group defense that can be achieved. This factor sets the up-
per limit on how effectively the prey can defend themselves,
given the increased driving factor. Dy determines the value
of D at which group defense starts to increase significantly.
It represents a threshold point in the group defense response
to changes in the driving factor. Identifying this threshold
can help understand when and how prey exhibit group de-
fense behaviour. The next factor K is taken to control the
steepness of the logistic curve. It determines how rapidly
group defense changes in response to changes in the driving
factor. A higher value of K makes the transition from low
to high group defense steeper, while a lower value makes
it more gradual. The choice of K influences the sensitivity
of group defense to changes in the driving factor. The driv-
ing factor D represents the external variable that influences
group defense.

H—eE;K% within the model, the dy-

namics of prey group defense in response to environmental

The equation

stimuli are captured. Here, G4, signifies the maximum
achievable defense level, while D marks the point at which
defense mechanisms considerably intensify. The parame-
ter K controls the steepness of the curve, determining how
promptly defense levels react to changes in the environmen-
tal factor D. Essentially, D embodies the external influence
shaping the vigour of group defense, whether it be resource
abundance, habitat conditions, or predator presence. This
model formulation provides a valuable understanding of how
environmental variations affect the interplay between prey
and predators, revealing the complexity of collective defense
strategies and their vulnerability to environmental fluctua-

tions.

2.1. Biological Interpretation of the Group-
Defense Function

The logistic group defense function is used because
it resembles one of the most noted behavioural responses
in ecological systems: an increase in group defense with a
threshold. Prey do not quickly acquire high defense levels
in natural populations as conditions improve. In general,
collective defense takes three steps.

When environmental conditions are poor (poor food
supply, degraded habitats, physiological stress, etc.), prey
generally do not aggregate into large, cohesive schools of fish.
Therefore, the level of collective defense is low. When envi-
ronmental conditions improve and exceed a critical threshold,
prey can more effectively form cohesive groups through herd-
ing, schooling, flocking, or coordinated vigilance. This shift
may be fast, as larger and healthier populations can invest
more in anti-predator strategies. Finally, as environmental
conditions become very favourable, the effectiveness of col-
lective defense approaches an upper bound, as behavioural
coordination, communication, and group organisation can-
not grow beyond a certain point. The logistic function has a
lower plateau representing these three ecological phases, a
transition region, and an upper plateau representing satura-
tion.

The environmental driving factor D is therefore in-
terpreted as a normalized environmental suitability index
rather than a single measurable variable. In practice, D
may be estimated from one or more ecological indicators,
including vegetation biomass, prey density, food availabil-
ity, habitat quality, climatic suitability, water availability,
or predator pressure. Depending on the ecosystem under
consideration, these variables may be combined into a di-
mensionless environmental index ranging from unfavourable
to highly favourable conditions. The threshold parameter Dy
represents the environmental condition at which collective
defense begins to increase rapidly, while the parameter K
determines how sensitive prey behaviour is to environmental
change.

In addition, many empirical observations across a wide
range of ecological systems support the proposed functional
response. Fish schools are more cohesive under better envi-
ronmental conditions and higher predator risk. Likewise,
many bird species tend to aggregate more when food is
abundant, and ungulates like wildebeest, zebra, muskox and
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caribou do the same when habitat conditions allow suffi-
cient aggregation to provide them with adequate protection.
Collective defense builds up quickly after favourable envi-
ronmental conditions are reached and ultimately reaches a
biological maximum, although the exact behavioural mecha-
nisms vary from species to species. The logistic function is
therefore biologically realistic and mathematically flexible,
as it represents group defense in various ecological systems
in a manner regulated by environmental factors.

The present model is therefore intended to represent
this general ecological principle rather than the behaviour
of a single species. The logistic formulation provides a con-
tinuous and bounded description of collective defense that
is consistent with observed threshold responses in many so-
cial prey populations while remaining sufficiently general
to accommodate different ecosystems through appropriate
parameter selection.

In the present model, the driving factor D is biologi-
cally interpreted as a normalized environmental suitability
index. It represents the combined influence of resource avail-
ability, habitat quality, temperature suitability, vegetation
cover, and predation pressure on prey populations’ ability to
organise collective defense. Thus, D is not a single physical
quantity, but a composite ecological indicator. Low values
of D correspond to unfavourable environmental conditions,
such as limited food supply, poor habitat structure, extreme
temperatures, or high environmental stress, in which prey
individuals are less able to form effective defensive groups.
Moderate values of D represent intermediate ecological con-
ditions, while high values of D describe favourable habitats
where prey can aggregate, coordinate movement, and exhibit

stronger collective defense. Accordingly, the group-defense

max

l+e-K(D-Dg)

the maximum attainable level of group defence, Dy is the

function is written as: Here, G4 denotes
environmental threshold at which group defense begins to
increase significantly, and K controls the steepness or sensi-
tivity of the defensive response to changes in D.

In the numerical simulations, the values G = 0.1, G =
0.4, and G = 0.7 are interpreted as weak, moderate, and
strong group-defense levels, respectively. These values
correspond to poor, intermediate, and favourable environ-
mental conditions. For biological feasibility, we assume:
0 < G < Guae < 1. This assumption ensures that the

effective predation term, written as (1 — G), remains non-
negative.

Here are examples showing the influence of key param-

eters on the level of group defense G in the model:

1.  High Gee, D > Dy, High K:
[Mlustration: In scenarios where the maximum defense
capacity G ,q 1s set to 1.0, and the environmental vari-
able D significantly exceeds the threshold point Dy by
a factor of 2, with a steep sensitivity parameter K at 2.0,
the resulting level of group defense G approximates
0.92. This demonstrates the robust defense response
of prey populations to favourable environmental con-
ditions, in which high resource availability leads to the
development of heightened defense mechanisms.

2. Moderate G4z, D =~ Dy, Moderate K:
Illustration: Consider a scenario with a moderately
high maximum defense capacity G4, set to 0.8,
where the environmental variable D closely approxi-
mates the threshold point Dy at 5.0, alongside a moder-
ate sensitivity parameter K of 1.5. Under these condi-
tions, the resulting level of group defense G is approx-
imately 0.67. This indicates a balanced response of
prey populations to environmental cues, where defence
mechanisms are activated in proportion to resource
availability without reaching their maximal capacity.

3. Low G e, D < Doy, Low K:
[lustration: In scenarios characterized by low maxi-
mum defense capacity G4, at 0.5, where the envi-
ronmental variable D falls below the threshold point
Dy by a factor of 2, coupled with a low sensitivity pa-
rameter K of 0.8, the resulting level of group defense
G is approximately 0.12. This exemplifies a subdued
defense response of prey populations to unfavourable
environmental conditions, where limited resources pre-

vent the activation of robust defense mechanisms.

In Figure 1, the environmental driving factor is shown
to affect the prey group-defense function, as illustrated in
this figure. The logistic response demonstrates the effect of
improving environmental conditions on collective defensive
behaviour. As the driving factor increases, group defense
increases, decreasing prey vulnerability to predation and

improving conditions for long-term species survival.
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Figure 1. Impact of driving factor on group defense.

Figure 2 shows that environmental driving factor af-
fects the results with varying threshold values for D. The
simulations represent that changes in environmental sensi-
tivity change the timing and intensity of collective defense.
A higher threshold leads to a later onset of effective defense
mechanisms, so that prey are exposed to predators when the

environment is more unfavourable.

Group Defense (G)
o
o

0 1 2 3 4 5 6 7 8 9 10
Driving Factor (D)

Figure 2. Impact of varying driving factors on group defense.

2.2. Model Assumptions and Limitations

Several simplifying assumptions are made in the devel-
opment of the proposed predator-prey model that allow for
its mathematical analysis while still retaining the important
ecological mechanisms of interest. These assumptions are
common in ecological modelling but can always affect the
interpretation and applicability of the results.

First, the prey population is assumed to grow logis-

tically, as is the predator population. This assumption is
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based on the concept of density-dependent population regu-
lation driven by limited resources, habitat availability, and
intraspecific competition. Logistic growth is one of the most
widely used population growth models because it is realistic
and exhibits population saturation in an environment with
finite carrying capacity. However, the growth patterns for
natural populations can be more complicated: Allee effects,
age structure, delayed density dependence, and resource-
dependent carrying capacities are not included in the present
study.

Second, predator mortality is modelled as a constant
per capita mortality rate. This assumption greatly simplifies
predator dynamics and is applicable when the natural death
rate is the dominant cause of predator deaths, and changes
in predator numbers are slow compared to those in prey
numbers. The environment, disease, food availability, or
population density may also influence predator mortality.
The introduction of density-dependent or environmentally
dependent mortality (population-level) could lead to further
ecological behaviours and is a promising path to explore in
future research.

Third, the prey-to-predator conversion efficiencies are
assumed to remain constant throughout the simulation. This
implies that predators convert consumed prey into reproduc-
tive success with fixed efficiency. Conversion efficiency
may vary with prey quality, predator age, nutritional sta-
tus, seasonal conditions, or environmental stress. Allowing
variable conversion efficiencies would increase biological
realism but would also introduce additional parameters and
analytical complexity.

Fourth, spatial movement is represented by homoge-
neous diffusion with constant diffusion coefficients. This
assumption models random movement in a spatially uniform
environment and provides a standard description of dispersal
in reaction-diffusion systems. In heterogeneous landscapes,
however, movement rates often depend on habitat quality, en-
vironmental gradients, resource availability, or behavioural
responses. Future studies could represent such processes
using heterogeneous, density-dependent, or anisotropic dif-
fusion coefficients.

Fifth, the current model is deterministic and does not
explicitly account for environmental stochasticity. Environ-
mental fluctuations arising from climate variability, drought,

disease outbreaks, or extreme weather events may substan-
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tially affect predator-prey interactions, particularly in small
populations. Although deterministic models provide impor-
tant baseline insights into ecological dynamics, stochastic for-
mulations may offer a more realistic description of uncertain
environmental conditions and deserve further investigation.

Last, the current formulation does not include seasonal
forcing. Therefore, the growth rates, predation rates, and
environmental conditions are assumed to remain constant
throughout the simulation. Seasonal changes in tempera-
ture, precipitation, food availability and breeding activity for
many natural systems can affect predator-prey relationships.
Periodic environmental forcing may reveal other behaviours,
such as oscillations, resonance, and periodic coexistence.

Finally, the two prey populations interact only indi-
rectly through their common predator, and direct competition
for shared resources is neglected. This assumption allows
the present study to isolate the effects of environmentally
regulated group defense and spatial diffusion without intro-
ducing additional interaction mechanisms. In ecosystems
where prey species compete strongly for food, shelter, or
breeding sites, direct interspecific competition could alter
coexistence conditions and should be incorporated in future
extensions of the model.

Despite these simplifying assumptions, the proposed
model captures the principal ecological processes motivating
this study: environmental regulation of collective defense,
predator-prey interactions, and spatial dispersal. The analyti-
cal and numerical results therefore provide a useful baseline
for understanding environmentally driven predator-prey dy-
namics, while also establishing a mathematical framework
that can be extended to include stochasticity, heterogeneous
environments, seasonal forcing, interspecific competition,

and adaptive behavioural responses in future research.

3. Analysis of the Model

In this section, we present the positivity and bound-
edness of the solution to the system (1)—(3). Equilibrium
points, along with the stability of the coexistence point, are

discussed in the same section.

Theorem 1. For any initial condition P(0) > 0, Q(0) > 0,
and N(0) > 0, the system admits a unique non-negative

solution.

Proof. The right-hand sides of the model are continuously
differentiable functions of P, ), and N in the non-negative
region Ri. Therefore, by the standard existence and unique-
ness theorem for ordinary differential equations, there exists
a unique local solution corresponding to each non-negative
initial condition.

To prove positivity, the first equation of system (5)—(7)

gives the following result:

Hence, we have

P(t) =
P(0)exp [fot (ﬁ (1 - P;()))) —aN(0)(1 - G)) do] :
Since P(0) > 0, it follows that P(¢) > 0 forallt > 0
= P(t) > 0. (8)
Similarly, Equation (2) results in the following.
% =roQ (1 - ;é) —aQN(1 - G),
Q1) =
Q(O)eap [fy (r (1= 92) — a2N(0)(1 - G) ) at]
which gives Q(¢) > 0 forall ¢ > 0.
= Q(t) >0. ©)

Now, Equation (3) gives us.

dN

SF = N(BP+5:0Q) (1-G) - N,

N(t) =
N(O)eap | [y (B1P(0) + B2Q(6)) (1 = G) ) db]
Thus, N(t) >0 for all # > 0.
= N(t)>0 (10)
Therefore, every solution starting in R? remains in

R3. m

Theorem 2. All non-negative solutions of the system are
bounded.
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Proof. Since 0 < G < 1, the prey equations satisfy 3.1. Stability Analysis of the Model
GLP <mP(l— £ ), This section deals with the analysis of the model (5)—(7).
dt ~ K We solve the following system of equations to find the equi-
and librium points
% <ra@Q (1 - i) . P
0=mrmP <1—K> —a1PN(1-G), (14)

By the comparison theorem, P(t) < maz {P(0), K1}, !

and Q(t) < maz{Q(0), Kz} 0= raQ <1 - Q) — QN1 -G), (15
Thus, both prey populations are bounded. K,
To prove boundedness of the predator population, de- 0= N (AP +B:Q)(1—G)—6N. (16)
fine the weighted total population function: W (t) = P(t) +
Q(t) +nN(t), where n > 0 is chosen such that: 71 < au,
and 732 < a.. Differentiating W (t), we obtain:

We get the following fixed points to solve the above
system (14)—(16).

AW 4P dQ AN i.  Prey-1, predator-free equilibrium point:
— =+ +n— (11)
dt dt — dt dt
El = (07 K27 0)
Using the model equations, this gives:
aw » o This equilibrium point exists under no additional con-
G =nP(l= ) 101 - 55) dition as K > 0.
—(041 - nﬁl)PN(l - G)
(a2 — nB)QN(L — Q) — nON ii.  Predator-free equilibrium point:
Since 951 < a1 and P2 < o, the interaction terms By = (K3, K3,0)
are non-positive. Therefore,
The predator-free equilibrium point always exists as
aw r Q Ki,Ky >0
— <nmP(l—-— 1——)—néN. 12 1R~
T SnP(= ) £ QU - ) —mN. (12

iii.  Prey-2, predator-free equilibrium point:
For some positive constants y and C, this implies

Es = (K41,0,0
aw 2= (£1,0,0)
E + MW <C.
The equilibrium point F3 also exists as long as the
Hence, by Gronwall’s inequality, carrying capacity is positive.
C iv.  Prey-1 free equilibrium point:
W(t) < W(0)e ™ + Z[1— e ). azp quitibriump
]
E,= (0 — ) _7“2(!5*’62/3?\»6?7@252)
Y (=14G)B2 —14+G)?kaaz B2
Therefore, W (t) < max{W(O),% . ( (FHrey e )
Since P, ), and N are non-negative, this proves that This equilibrium point gives the extinction of prey-1.
all populations are bounded. Equations (11)—(13) provide Itexists if G < 1 and koo > § + Gkofs.
the result. O v. Coexistence equilibrium point:

k1 (=0raan+(—14G)ka(—reon+ri1a2)B2) ka(=drias+(=14+G)ki(rea1—r1a2)B1)
(=1+G)(k1r2a1 frtkariazB2) ’ (=1+G)(k1r201 f1+k2r102/52) ’
_ rira(0+H(=14G) k1 B1+(=14+G)kaB2)
(=1+G)?(k1rac1 B1+kariazBa)
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e This equilibrium point is the most important and re-
quires some exciting conditions. The conditions are

given under

G<1
karoay By < draan + karianfBa
kiriaefr < oriag + kiroan f1
k1B1 + koffa > 6

(17)

vi.  Population-free equilibrium point:
E¢ = (0,0, 0)

This equilibrium point suggests the destruction of the
ecosystem, which is not biologically meaningful.

vii. Prey-2 free equilibrium point:

By — (_ ) _7’1((5—’{:161 +Gk1ﬁ1))
(-1+6)B1" 7 (-14G)’kiaiB

The equilibrium point exists if G < 1 and k181 > Gk181 + 9.

Theorem 3. The coexistence equilibrium point is locally

stable under the following conditions

a22023a32 > a11 (@22 (a11 + a22) — aizasi) ,

(lfkflj)Tl*PT?*(l*G)NOél
J = 0

(1-G)NpB

k2

Computing the Jacobian at the coexistence equilibrium

point, we obtain

a1 0 a3
J(Es)=| 0 ax a3
azg1 azz 0

Here,

4y = ri(0raon + (=1 4+ G)ka(re0q — ria2)f2)
(=1 + G)(kiroa1 f1 + karicaf32) 7

_ klal(f&"gal + (71 + G)kg(*T’QOtl + r1a2)52)

s = kiroc1 B + kariaa B2 ’
iy — ro(0riag + (=1 + G)k1(—raa1 + riaz2)f1)
(=1 + G)(kiroa1f1 + karicnf3a) ’
o — koas(—drias + (=1 + G)k1(roas — r1c2)f1)
2 kiroon B1 + karianfo ’
- r17r2f1(0 + (=1 + G)k1 81 + (=1 + G)k232)

(=1 + G)(kiroay B + karicpf2) ’

(1-2)r2— 92— (1-G)Nay

(1-G)Np,

a1 + azz <0,
a13a22a31 + ar1azzazz > 0,
a11Q22 > 013031 + A23032.
Where,

r1 (0reaq + (=1 + Gk (rec; — ria) B2)
(=1 4+ G)(kiroc1 B1 + koriaf32)

a1 =

klotl(*(;T’QOtl + (71 =+ G)kz(*TgO&l =+ 7’10[2)52)

413 = kiroa By + karionBe 7
s — ro(driag + (=1 + G)k1(—reaq + r1ce)B1)
(=14 G) (k10181 + karianfs) ’
S koo (—drian + (=1 + G)k1(recn — ra2)f1)
2 k1ro0n B1 + karianfa ’
sy — T'1T2,81 (5 + (—1 + G)klﬂl + (_1 + G)kQﬁQ)
3 (=14 G)(kiroa1f1 + kariaf2) 7
s — r17r9B2(8 + (=1 + G)k1 81 + (=1 4 G)kaf32)

(=14 G)(k1raa1 Br + kariazfa)
Proof. First, we find the Jacobian for the system (1)—(3)

0 (-1+G)Pay
(—1 + G)QO(Q
5+ (1= Q)P + (1 - G)QB2
- rir2f2(0 + (14 G)ki 1 + (-1 + G)k252)'
(=14 G)(kiraci 1 + kariaafa)
Now, characteristic polynomials can be written as

A+ A2 (—a11 — a2) + a13a20a31 + ar1assass (18)
+A (a11a22 — a13a31 — az3asz2) = 0.

The equilibrium point is stable according to the Routh

Criterion if

azzazzazz > a1 (aze (a11 +a2) —aizasi),  (19)
a1 + ag <0, (20)

a13a22a31 + a11az3asz > 0, (21)

a11G22 > 13031 1 A23a32. (22)

Hence, the theorem is proved. o

Theorem 4. The Equations (1)—(3) are globally asymp-
totically stable for the coexistence equilibrium point Fy if
oy > ﬂl,Z: 1,2.
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Proof. Consider the following Lyapunov function for the

coexistence equilibrium point

V(P, Q, N)=1, (P—P*—P*log %)
2 (Q- Q" ~ Q" log &) (23)
+l3 (N = N* — N*log %)

Where [, l5 and [3 are positive constants whose value

is to be determined. The derivative of the above equation

+12(1—%*)
)dN

Some simplification of the above leads to

leads to the following

f-1(-5) %

aQ

dt

dt

dt *

av __ P—P*\ dP Q-Q"\ dQ
W_ll( P )ﬁ+l2(7cg )E
N—-N*)\ dN
HS( N ) ‘-

W=t (P=P)[nP(1-£) - aPN(1-G)]

Q- [nQ (1-£) —weNi-6)] @4
+13 (N = N*)[N (1P + 2Q) (1 — G) — 6N].
P* * _ _
As7 (1 - E) —aN -G =0 o
=>7r = %—FOQN*(I—G),
_Q) _ * (1 _ () —
also, ro (1 K1) aaN*(1-G)=0 26)
= ry = Tig + asN*(1 - G),
and
(B1P+B:Q)(1-G)—6=0 @7

= 0= (B1P* + Q%) (1 - G).
Using Equations (25)—(27) in Equation (24), we have

&=L (P—P) [HE + V(1 ~6) = =)
+2(Q - Q7] [3E +aaN"(1-G) - 2N(1-G)| (28)
+3 (N = N*)[(B1P + f2Q) (1 - G)— (ﬂlp +6:Q%) (1 -G,
& —np-P)[-p ) —an(1-G) (N = N*)| +
L@-@)[% < 702(1—G)(N—N*)} (29)

Fla(N=N)[B (P-P)(1-G)+5(Q-Q)(1-G).

For simplicity, we assume that
Lh=lh=I3=1.

Using these values, Equation (24) leads to the following

=2 (P—P*)?—oy(P-P)(N-N*)(1-G)
s @- Q) —ax(@-Q) (V- N)(1-G)
+61 (P~ P*) (N = N*) (1-G) G0
5 (Q- Q) (V- N)(1-G).
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Some simplification leads to

=R P-P)-2Q-Q)
— (1= p1)(1—-G)(P—P*)(N - N*)
— (a2 = B2) (1= G) (P —P*)(N - N*).

= dt V. <« 0whenoy — 51 >0

Sa1>Mh & (31)
—B2>0= s>
Hence, the theorem is proved. O

3.2. Remark on the condition ¢; and f;

The condition cu > Si and a2 > B2 was imposed
to make the Lyapunov derivative negative. Ecologically,
this condition means that the predator’s pressure on each
prey population exceeds the conversion efficiency of con-
sumed prey into predator biomass. In other words, pre-
dation removes prey more strongly than it contributes to
predator growth. However, this condition can be restric-
tive because «; and 3; may have different ecological scales.
Therefore, we use suitable Lyapunov weights to avoid this

unnecessary restriction. For the coexistence equilibrium

E* = (P*, Q*, N*), consider the Lyapunov function:
V(P,Q,N) = lL[P — P* — P*In(£)]
+6[Q - Q" — Q" In(§))]
+13[N — N* — N* In(45)],

where [y, I3, and [3 are positive constants. Choose: [; =

Bily=513=1
1 Q2
Then the mixed terms in the derivative cancel, and we
obtain: %
1% ﬁ1’l‘1 627’2
— = P —P*)?— —-Q")2<0.
dt alKI( ) ang(Q @ ) -

Thus, V is non-increasing. Moreover, < dt
when P = P* and Q = @Q*. Substituting P = P* and
@ = @~ into the model equations gives N = N*. Hence,

= 0 only

by LaSalle’s invariance principle, the coexistence equilib-
rium E* is globally asymptotically stable in the positive
region, provided that £* exists and 0 < G < 1.

Figure 3 shows that weak group defense provides lim-
ited protection against predation, resulting in pronounced
predator-prey oscillations before the populations converge

to coexistence.
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Figure 3. Phase portrait and time-series solution depicting the coexistence equilibrium for G = 0.10.

Figure 4 shows the coexistence equilibrium for G =  in smaller fluctuations in predator and prey populations and
0.30, with its associated time-series solution, for the case greater stability of the predator-prey relationship. The results
where the solution is no longer unique. The larger the group show that moderate collective defense leads to an increase

of defenses, the less efficient predation becomes, resulting in ecosystem stability.
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Figure 4. Phase portrait and time-series solution depicting the coexistence equilibrium for G = 0.30.

For G = 0.50, the coexistence equilibrium occurs on  hunt success, enabling prey populations to recover and
the phase portrait and is also captured in a time-series solu- predator populations to persist. The system reaches a more
tion displayed in Figure 5. Collective defense significantly stable condition more quickly, suggesting greater ecological

reduces predator success, while increasing prey counter- resilience.
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Figure 5. Phase portrait and time-series solution for G = 0.50.

In Figure 6, phase portrait and time-series solution
depicting the coexistence equilibrium for G = 0.70 are de-
picted. Strong group defense significantly reduces effective
predation, producing smaller oscillations and rapid conver-
gence toward a stable coexistence equilibrium. This demon-
strates that highly effective collective defense promotes
long-term ecosystem stability and species persistence.

Figure 7 represents that a low predator mortality rate
allows predators to persist for longer periods, resulting in
stronger predator-prey interactions and larger oscillatory dy-
namics before coexistence is established.

Figure 8 shows that a moderate increase in predator

mortality weakens predation pressure, reducing oscillation

amplitudes and promoting a more balanced coexistence be-
tween predators and prey.

Figure 9 shows that as predator mortality increases,
the predator population declines, and the prey can remain
at higher densities without the system becoming unstable
toward a stable coexistence equilibrium.

Figure 10 shows that a high mortality rate among large
predators greatly suppresses predator persistence, leading
to weak predator-prey interactions and dominance of prey
populations. The results highlight the critical role of predator
survival in maintaining ecological balance.

The parameter values used for the Figures 3—10 are

given in the following Table 3.
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Figure 6. Phase portrait and time-series solution depicting the coexistence equilibrium for G = 0.70.
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Figure 7. Phase portrait and time-series solution for § = 0.002.
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Figure 8. Phase portrait and time-series solution for § = 0.009.
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Figure 9. Phase portrait and time-series solution depicting the coexistence equilibrium for 6 = 0.09.
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Figure 10. Phase portrait and time-series solution depicting the coexistence equilibrium for § = 0.5.

Table 3. Parameter values for the Figures 3—10.

Parameters Values Figures 3—6 Figures 7-10
r1 0.341 0.0934

ro 0.697 0.697

K, 100 100

K, 100 100

a1 0.032 0.032

Q2 0.3086 0.3086

o1 0.020 0.020

B2 0.060 0.060

0 0.090 0.002, 0.009, 0.09, 0.5
G 0.1,0.3,0.5,0.7 0.700

Initial Conditions (10, 10, 6) (10, 15, 8)

3.3. Parameter Selection and Sensitivity Analy-
sis

The aim of this work is not to reproduce the behaviour
of a real ecosystem but to consider the qualitative dynamics
of an ecosystem influenced by the environment. The actual
parameter values used in the numerical simulations are there-
fore representative biological parameters which are within
typical ranges used in mathematical ecology. These are in-
tended to represent the theoretical properties of the proposed
model while remaining biologically realistic.

A local sensitivity analysis was performed to evaluate
the robustness of the numerical results by varying one param-
eter at a time while holding the others at their original values.
The values of each parameter were raised and lowered by
20%, and the equilibrium populations were calculated. The
parameters chosen are the intrinsic growth rates of the prey

r1 and 72, the attack rates of the predator ax and az, the mor-

tality rate of the predator 0, the diffusion coefficient of the
prey di, do, and the diffusion coefficient of the predator ds,
the environmental level of group-defense G.

The numerical experiments show that the group-defense
parameter GG has the strongest influence on the long-term pop-
ulation dynamics. Increasing G reduces the effective preda-
tion rate, resulting in higher prey densities and lower predator
abundance. Conversely, increasing the predator attack rates
on and o decreases prey populations while increasing preda-
tor density. Higher predator mortality J reduces predator
persistence and indirectly increases prey populations. Varia-
tions in the diffusion coefficients primarily affect the spatial
distribution of the populations rather than their average densi-
ties. Finally, increasing the prey growth rates r: and r2 leads
to larger equilibrium prey populations and enhanced predator
persistence through increased food availability.

Figure 11 presents the normalized local sensitivity in-
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dices of the spatially averaged populations P, ) and N.
Each parameter was varied independently by +20%, while

all remaining parameters were fixed at their baseline values.

A positive sensitivity index indicates that an increase in the
parameter increases the corresponding population, whereas

a negative value indicates an inverse relationship.

0.06 -
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0.02 -

0.00

Normalized sensitivity index

—-0.02 4

—0.04

B Prey-1P
Prey-2 Q
B Predator N

G [+38 &) r

r; 5 d1 d2 ds

2
Model parameter

Figure 11. Normalized sensitivity of the mean prey and predator populations to +20% variations in the principal model parameters at

T=0.2

The prey-1 population P is most sensitive to its intrin-
sic growth rate 71, followed by the predator attack rate cu.
Similarly, prey-2 @ is primarily influenced by its intrinsic
growth rate 72 and the attack rate a». Increasing r1 or 72
promotes prey growth, whereas increasing a: or a» reduces
the corresponding prey population. The predator population
N is most sensitive to the mortality rate 6 and the group-
defence level G. Both parameters have negative sensitiv-
ity indices, indicating that increased predator mortality or
stronger prey group defence reduces predator abundance.
The group-defense parameter simultaneously has positive
effects on both prey populations because an increase in G
decreases the effective predation factor, 1 — G. The diffusion
coefficients di, dz, and ds exhibit relatively small sensitiv-
ity indices for the spatially averaged population densities
over the considered simulation interval. This does not imply
that diffusion is ecologically unimportant; rather, it mainly
influences the spatial redistribution and smoothing of popula-
tion profiles rather than strongly changing the total or mean
population density.

Overall, the sensitivity analysis confirms that prey
growth rates, predator attack rates, predator mortality, and
group defense are the most influential parameters. The prin-
cipal ecological conclusion remains robust: stronger group
defense improves prey persistence and suppresses predator

abundance.

4. Diffusive System

The spread of individuals through space (diffusion) is
an important factor in predator-prey systems and can affect
their complex dynamics and balance. This phenomenon re-
sults from multiple factors intrinsic to predator-prey relation-
ships and environmental conditions. First, when essential
resources, like food and suitable habitat, are distributed un-
evenly, individuals are driven to disperse in search of the best
conditions, which creates unique spatial patterns in their dis-
tribution. Additionally, the geographic segregation of popula-
tions is facilitated by response-avoidance behaviours elicited
by the presence of predators or decreased prey concentra-
tions, and diffusion spreads these behaviours throughout the
landscape.

The predator many factors that influence prey relation-
ships. These factors significantly affect the habitat, which
in turn shapes the population dynamics within it. In this
section, we present the effects of species diffusion on the
structural properties of the habitat. The diffusive version of
the complex interaction among species arises because dif-
ferent species exhibit random movement in the habitat due
to stimuli that attract or repel them. This movement may be
towards or away from the other interacting species. The stim-
uli behind such movements may be food search, protection,
etc. Here, we consider the self-diffusive predator-prey model

to study the effects of diffusion on the population density of
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interacting species. We assume d;, ¢ = 1, 2, 3 as diffusion

coefficients. Consider,
o — V2P 1P (1-£)

Gmax
— o, PN (1 - HQ,K(D,DO)) ,

t>0,x>0

(32)

R — v+ (1- £)
~a2QN (1= S )

t>0,x>0

(33)

& = dsVN+

N (B1P + B2Q) (1 - %)
—0N,t >0,z >0

(34

with the following initial conditions

P(2,0) > 0,Q(x,0) > 0,N(2,0) > 0,0 € Q  (35)

and Neumann boundary conditions

orP 0 ON
Eza—g:E:O,xE@Q.

The governing system consists of three coupled non-
linear reaction-diffusion equations describing the spatiotem-
poral evolution of the two prey populations, P(z,t) and
Q(z,t), together with the predator population, N (z,t). The
diffusion terms d; V2P, da V2@, and d3 V2N represent ran-
dom movement of individuals within the spatial domain,
where dy, ds, and d3 denote the corresponding diffusion coef-
ficients. The logistic growth terms model density-dependent
population growth limited by the carrying capacities K7 and
K.

while the environmental group-defense function G(D) =

Predation terms describe predator-prey interactions,

% reduces the effective predation rate according
to the prevailing environmental conditions. Consequently,
larger values of G(D) correspond to stronger collective de-

fence and lower predation efficiency.

System Stability at Equilibrium Point

For the stability of the system, we perturb (32)—(34) at

the coexistence equilibrium point as under.

oprP 0?P

— =b1P+0b bisN +di—= 36
5 1P+ b12Q + b13N + 152 (36)
oQ 9%Q

— = b1 P+ b bos N + do——= 3
5 21 P + b22Q + baz N + 25,2 (37

ON 0’N
el b31 P + b32Q + b33N + ds 3

Suppose the above system (36)—(38) possesses a

= (38)

Fourier solution.

P(z,t) = ) Pre*Cos(kx)
Qz,t) =Y QreMCos(kx)
N(z,t) =, NpeMCos(kz)

(39

nm

For k = =F,

the wave number at node n. By substituting the values

where 7 is a natural number, called

of P, Q, N in the above equations, we get the following.

AD P =b11 ) i Pr+b12) 5 Qi
+013> )k N — > Pdik?

AD Qi =b21> j Pe+b22) 5 Qi
+ba3 ZK Ny — Zk Prdok?
AD kN =031 5 Pr+ 032> 5 Qi
+b33 ZK Ny — Zk Pydsk?

(40)

This leads to the following result.

S (b — A — dik?) Py
+ 3k 012Qk + 2 013Ny =0
Yo D21 P+ Y (baa—X — dak?)Q,,
3 bosNi = 0
Yo b31Pr + Y 5 b32Qr+
>k (bgg — A—d3k?)Nj, =0

The dispersion relation is obtained from det (V' —

(41)

AI) = 0, where the variational matrix V' can be written

as
b — dik? b12 b13
V= boy bag — dak? b3 (42)
b31 b3z bsz — dzk?

P\ = A 4 bigbaobsy — biobasbsy — bisbarbss
+b11b23bs + b12ba1bsz — bi1bogbss — k2basbsady
+k2bagbszdy — k*bisbsida + k?b11bssdy — k*bssdidy
—k%b12ba1ds + k?b11baads — kbosdids — kbridads
+kSdydads + N2 (—biy — bay — bsg + k2dy + K2dy + k2ds)
+A (=b12ba1 + b11bay — bi3bsy — basbsy + b11b33
+ba2bss — k2boady — k*bszdy
—k2b11dy — k2b3sds + k*dids
—k2bi1ds — k2bgads + k*dids + k4d2d3)

The characteristic polynomial for the above matrix can

be written as

P(A) = A+ S10% + SoX + S5 = 0. (43)

&9
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Where,
S1 = —b11 — byy — b3z + /452d1 + k2d2 + /452d3,

Sz = —b1abay + bi1baa — bi3b31 — bagbza
+b11b3s + basbss — k?bgady — k?bgsdy
—k2b11dy — k2bssds + k*dids — k2b11ds
—k2boods + k*dids + k*dads,

S3 = b13b22bs1 — b12ba3b31 — b13b21b32
+b11b23b32 + b12b21b33 — b11b22b33
—k2basbgady + k*baobssdy — k?bisbsids
+k2b11bssdy — k*bssdidy — k?b1abards
+k2b11boads — k*boadyds — k*bi1dads
+kSdydods.

According to Routh-Hurwitz’s criterion, the system is
stable under the following conditions.
S1>0,53 > 0,515 > S5. (44)
To facilitate subsequent stability analysis, each equilib-
rium point corresponds to a biologically meaningful popula-
tion state. The trivial equilibrium corresponds to complete
extinction of all species. The boundary equilibria describe
partial survival of one or more populations, and the coexis-
tence equilibrium represents the simultaneous persistence
of both prey species and the predator. The local stability
analysis presented below determines whether small perturba-
tions around these equilibrium states decay or amplify over
time, thereby indicating the system’s long-term ecological

behaviour.

5. Construction of Numerical Scheme

The numerical approximation is constructed by dis-
cretizing both the temporal and spatial variables on a uniform
computational grid. Time derivatives are approximated us-
ing the proposed three-level finite-difference formula, while
second-order central finite differences are employed for the
diffusion terms. At each time level, the nonlinear reaction
terms are evaluated explicitly using the previously computed
population values, allowing the complete coupled system to
be advanced efficiently without solving nonlinear algebraic
systems.

We have constructed an explicit scheme at three time

levels. We use the following difference equation given under

uttt =1 (Qu” + Suﬂfl)

+at{a (g +0(2) 7'}

The Taylor series expansion for, u]'~*

(45)

and (5¢);

‘Af)2(aiz)7
e (%) +0 (a4,
= (3! —At(aﬁ)"

2 (32)) o

We obtain the following by substltutlng Taylor series
expansions (46)—(47) in Equation (45).

(A1 (8% n
2 ot ).

+0 ((At)4) =

are given as

n—1_ ,n au
u  =ul — At E) +

(47)
n (At

ull + At (24)" +
(A1)

3
(),
i

i (2u?—|—3u — 3At

Comparison of coefficients of At (2% ) (At)? (‘3—) "
on both sides of Equation (48) leads to the following '
3

1 3
5= 1 b (50)

Solving the above Equations (49) and (50) gives the
values of the unknown parameters a, b, are
9 1

a = — =

= 3 (51)

Hence, we get the following scheme by utilizing the

unknowns in Equation (45)

U;H—l — %(2’[1? 4 3u;1—1) + At {% (%)? — é (?Tt):l 1} (52)

5.1. Stability Analysis of the Constructed
Scheme

The purpose of the stability analysis is to determine
whether small numerical or biological perturbations remain
bounded as the solution evolves. This analysis complements
the biological stability results by establishing numerical con-
ditions under which the finite-difference approximation con-
verges toward the true solution. The derived stability con-

ditions therefore provide practical guidance for selecting
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appropriate spatial and temporal discretization parameters in
numerical simulations.

We use Von Neumann’s stability criterion to discuss the
stability of the numerical scheme. For this criterion, the dif-
ference equation obtained by applying a numerical scheme
is transformed into another equation that contains the wave
amplitudes and phase angles. Then, we apply the stability
condition to the resulting equation, based on the ratio of wave
amplitudes at different levels. We consider the following
diffusive linear predator-prey model to discuss the stability

of the scheme.
ou 0%u

ot~ oz
The discretization using the presented scheme is given

+ au (53)

as
A LR s BN LACI R A
Using the above equation for Equation (39)
uftt = 1(2ul + 3P+

w —2u -
adl( it1 i i—1 _’_au:z)

(Bz)? (54)
At “’1171_2“’7171_*_“1171 1
+bdy (7”1 G tau )
Consider the following transformations
1 . ,
u;l-‘r — En—&-lezh/;) uzn:tl — Evne(zzl:l)lw7 (55)

ul'c! = En1eEDVTY where T = /—1

We substitute Equation (55) into Equation (54), and we
obtain the following

At{ } ¢

Dividing both sides Equation (56) of by ¢*/¥ produces

g

At

En+1€i1w %Eneilw + g En—leilw
LAV o il | (i—1) I ) n il
e —2e'" Y +e n n il

ady v v Ea— E" + aaE"e"V+

G4V I _o il | (i—1)I% _ — n—1 il
bd; (+> Bt 4 baBn ettt

E"_H — %En + %En—1+
G+ )Ty o ile | (i—1)I¢p _ .
ady (e fgz)ﬁe > E™ + aaE"etV+ }

bd <e“*l”"’—2@”“’4—6”’1)”’
1

oy )Enfl +bEE7L—1€Uw
EnJrl _ %En + %En71+

ad; (26(";;”);2) E" + aaE"+

(57)

by (2592552 ) 1 b
Rewriting Equation (57), we get
En+1 — gEn + §En—1+

2add; (costp — 1)E™ 4+ a AtaE™+
2bdd; (cosyp — 1) E"~1 + bAtaE" !

} (58)
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Where d = (ﬁ—rf)z.

Now, Equation (58) can be expressed as

E" = PE" +QE"". (59)

Where

(P = 2 + 2addy (cost) — 1) + a Ata

) ' (o0
and Q = £ + 2bddy (cosyp — 1) + bAta.

Since the presented numerical scheme is constructed
on three time levels, one more equation is required to obtain
an amplification matrix. An additional equation is expressed
as

E"=1E"+0.E"""

The system of equations can be expressed in the fol-

lowing matrix-vector equation.

En+1
En

E'n
En—l

P Q
1 0

The amplification factor is a matrix, and the stability
conditions can be imposed on the eigenvalues of the amplifi-

cation matrix; these conditions are expressed as

P+ +/P24+4Q P— /P2 4+4Q
2

< 1and
< 1an 5

<1

The scheme will be stable if it satisfies inequalities for
positive eigenvalues of the amplification matrix, and if the
eigenvalues of an amplification matrix are negative, then the

stability condition is expressed as

IQI* < 1.

Where the values of P & () are presented in Equation
(60).

5.2. Remark on Nonlinear Stability and Con-
vergence

To verify the nonlinear performance of the proposed
three-level scheme, numerical simulations are carried out for
the diffusive predator-prey system. The following parameter
values are used: 71 = 0.8, r» = 0.7, Ki: = 1.0, K> =
0.9, a1 = 0.35, a2 = 0.30, 51 = 0.18, B> = 0.16, § =
0.20, di = 0.005, d= = 0.004, ds = 0.003. The com-
putational domain is 0 < 2 < 1 and the final time is

T = 0.2. Homogeneous Neumann boundary conditions
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are used. The initial conditions are taken as: P(z,0) =
0.55 4+ 0.05 cos(wz), Q(x,0) = 0.45 + 0.04 cos(27x),

Table 4 shows the numerical behaviour for different

group-defense levels. The results show that increasing G

N(z,0) = 0.25 4 0.03 sin(wz). The first time level is gen- reduces predation pressure. Therefore, the prey populations

erated by the explicit Euler method, and then the proposed
three-level scheme is applied for n > 1.

P and @ increase slightly, while the predator population NV

decreases.

Table 4. Effect of group defense on the numerical solution at 7' = 0.2.

G Mean P Mean Q Mean N
0.1 0.579592 0.475052 0.266685
0.4 0.582748 0.477285 0.263905
0.7 0.585887 0.479504 0.261139

The boundedness and positivity of the numerical solu- values are obtained at 7' = 0.2.

tion are also verified. For G = 0.4, using Ax = 0.01 and
At = 2.5 x 1073, the following minimum and maximum

Table 5 confirms that all computed population densities

remain positive and bounded throughout the simulation.

Table 5. Positivity and boundedness of the computed solution for G = 0.4.

Variable Minimum Value Maximum Value
P 0.534977 0.630888
Q 0.438393 0.515301
N 0.247770 0.274389

To further verify the nonlinear convergence of the pro-
posed method, mesh-refinement tests are performed in Ta-
ble 6. The maximum norm error is calculated as: Error
= max; ‘ui(Ax, At) — u; (%, %)
P, @, or N. The observed convergence rate is computed

1 Errory
02\ Errory

, where u represents

The refinement study shows that the numerical error de-
creases as the grid is refined, confirming the scheme’s stable,
convergent behaviour for the nonlinear diffusive predator-
prey system. These results complement the Von Neumann
stability analysis and demonstrate that the proposed method

is suitable for simulating nonlinear ecological dynamics that

by: Rate = ey - The recorded convergence rate is
21184, incorporate group defense and environmental effects.
Table 6. Mesh refinement study for the proposed scheme.
Grid Size At Maximum Error
51 1.0x 10 —
101 2.5x% 107 8.9002 x 10~
201 6.25x 107 2.0497 x 10

5.3. Numerical Simulations

We employ the constructed scheme on the diffusion
model. The constructed scheme is given as under

Ut

= Lur 4 3ul ) + Ar{2 (58) -

(300}

We get the following discretization using the con-

structed scheme for the first equation of the diffusive model

(32)—(34).
Pin+1 — é (2]31_"” +3F-1_'/n71) +
[ (PR, — 2P + PPy /(Ax)*+ |
: ner (1-5) -
A e ) 1)
At

dl (P:j,_]l _ 2R£:n—1 + Rri—ll)/(A,L,)Z_,'_
7'1Pi"_l (1 — P}"{]) —

1

S

n—1prn—1 Gmas
a1 PN (1 - %)
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At

At

Similarly, we get

QI =1 (207 +3Q771) +
da (QFy 1 — 2Q7 + gil)/(AI)QJF
rnQr (1-%) -
a2 Q7N (1 - 41+G—GK’VELB$—DQ>)
d2( ?;1] - 2Q1L71 + ?—711)/(A17)2+
n— Q?il
T‘QQi 1 <1 — Ka ) —

n—1pxzrn—1 Gmaz
2@} N; <1_1+5*K(D*Do))

wio

(S

NP =L (2NP 43N 4
d3(Nfyy = 2N + N7y ) /(D) +
o] NP @GP+ .00 (1 - St )
—6NP
ds(N/'5H = 2N+ NP /(A2
—1 NPT BRI Q) (1 Sy )

the constructed scheme for the diffusive system.

the solution at the first-time level must be computed be-

. . 0 0 0 . . .
fore applying the main scheme. Let P, @7/, and IN; be distributions.
70 8 70
4 2
65 I H T A
. "} 60f i}
6o f : P
: 6r ¢ :
551 : 50
. .|
50
- o~ 540
545t 4 8
o o . D‘: i E)
4F : 0T, P
cE 1 .
B ; 3
35 i H * 20 + \1 4
} 2r 3 1 :
of ; :
1 H
I 1 10 :
251 \_’ ! \_/
20 0 0
0 0 50 0 50
Time Time Time

tions. The simulations show that diffusion can reduce sharp

population gradients and prevent excessive fluctuations in

—§NI1

Equations (61)—(63) provide discretization based on

Since the proposed method uses three-time levels,

obtained from the prescribed initial conditions. The first-

time level is generated using the explicit Euler method as

di (P, —2P)+ P )
(Az)?

e (1-2) |
~a1 PONY(1 - G)

d2( $+1—2Q?+Q?,1)

(Ax)?
+'I"2QZQ (1 — iQ(;) )
—Q)NY (1 - G)

dS(N?+1 — QN? + N/?—l)

follows:
1 _ po
©2) P!l =P + At
Qf = Q0+ At
©3)  NINO4 oA

(Ax)?

+N? (B1P? + 82Q7) (1 - G)

—GNY

After getting P}, Q}, and IV}, the proposed three-level

scheme is applied for n > 1.

Figure 12 shows that spatial diffusion redistributes in-

dividuals throughout the habitat, reducing local population

concentration and promoting more homogeneous species

Figure 12. Numerical solution of the diffusive predator-prey system.

Figure 13 displays the impact of different initial condi- the spatial domain.

In Figure 14, the interaction between local popula-
tion dynamics and diffusion promotes spatial persistence

the population level, leading to a more stable ecosystem in and prevents excessive aggregation, supporting long-term
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coexistence of all species is depicted.

The trajectories in Figure 15 show that coexistence
is maintained at equilibrium and that spatial dispersal de-
creases the chances of the population fluctuations becoming
unstable. Diffusion can thus be considered a stabilising
ecological mechanism, as it distributes individuals over the
habitat area.

The three-dimensional distributions in Figure 16 show

the temporal and spatial development of the ecosystem, and

how the three functions of environmental regulation, group
defence, and diffusion act together to regulate species abun-
dance and sustain stable predator-prey coexistence across
the habitat.

We present the numerical values of parameters taken
for the Figures 12-16 in Table 7.

Figure 17 depicts the impact of different time steps. It
is clear from the figures that numerical method is convergent

for different time steps.
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Figure 13. Results of the numerical solution of the diffusive predator-prey system under different spatial conditions.
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Figure 14. Numerical solutions of the diffusive predator-prey system showing the evolution of spatial population distributions.
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Figure 15. Phase portrait of the diffusive predator-prey system.

Surface plot of Q

Surface plot of P

Surface plot of N

Figure 16. Surface plots of the interacting prey and predator populations.

Table 7. Numerical values of Parameters for Figures 12-16.

Parameters Values Figure 12 Figure 13 Figure 14 Figure 15 Figure 16
r1 0.0191 0.912 0.912 0.0532 0.9820
72 0.0949 0.097 0.097 0.9999 0.990
K1 150 150 150 150 100
K> 150 150 150 200 200
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Table 7. Cont.

Parameters Values Figure 12 Figure 13 Figure 14 Figure 15 Figure 16
ag 0.0385 0.5081 0.5081 0.970 0.983
g 0.1348 0.0873 0.0873 0.1013 0.873
51 0.0214 0.014 0.014 0.896 0.020
B2 0.0910 0.0191 0.0191 0.099 0.0432

1 0.0948 0.948 0.6794 0.909 0.2002
G 0.9695 0.9695 0.9695 0.979 0.98
dy 0.191 0.191 0.191 0.9191 0.081
do 0.06031 0.06031 0.06031 0.8706 0.071
ds 0.0805 0.08051 0.08051 0.82088 0.090
Initial Conditions (70, 6.8, 4) (70, 6.8, 4) (70, 6.8, 4) (14, 10, 14) (15, 30,9)
80 9 70
70 ot
50
60
- o é 40
o —— o i~
At=0.10 o 30
— At=0.05
40 At=0.025
A4=0.012
30F
'] L
I
20" 0
0 50 0 50
Time Time Time

5.4. Quantitative Validation, Convergence, and

Figure 17. Plots with different time steps.

Computational Efficiency

In Table 8, the temporal convergence results show that
halving the time step reduces the maximum errors by ap-
proximately a factor of four for all population variables. The

resulting orders observed range from 1.9868 to 2.0024, con-

firming second-order temporal accuracy.

The average observed temporal orders are approxi-

mately: P: 1.992, Q: 1.997, N: 2.001. Thus, the proposed

method is second-order accurate in time.

In Table 9, the spatial-refinement experiment also pro-

duces convergence rates close to two. This agrees with the

second-order central finite-difference approximation used for

the diffusion terms. The convergence behaviour is consistent

for prey-1, prey-2, and predator populations, demonstrating

that the method does not lose its expected order when applied

to the coupled nonlinear system.

Table 8. The spatial grid was fixed at N, = 401. The benchmark was obtained using RK4 with A¢ = 0.003125 on the same spatial

grid.

At Order P E. (0 Order Q E., (N) Order N CPU (s)
0.5000 9432 x 1073 — 24365 x 1072 — 3.7777 x 1072 — 0.0105
0.2500 2.380 x 1073 1.9868 6.107 x 1073 1.9963 9.429 x 1073 2.0024 0.0191
0.1250 5.98 x 1074 1.9926 1.529 x 1073 1.9974 2.356 x 1073 2.0005 0.0360
0.0625 1.50 x 10~* 1.9961 3.83 x 107* 1.9985 5.89 x 107* 2.0000 0.0748
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Table 9. Spatial refinement study and convergence order.

Ny Ax Ey (P) Order E. (Q) Order Ex (N) Order CPU (s)
51 20 441 x10~% — 3.91 x 1074 — 1.515x 104 — 1.0384
101 10 1.11 x 10— 1.9873 9.90 x 10~° 1.9889 3.965 x 10~5 1.9339 1.1019
201 5 2.80 x 10~° 2.0128 2.50 x 10~° 1.9990 9.874 x 106 2.0054 1.2067
401 2.5 7.0 x 106 2.0693 6.0 x 106 2.0694 2.361 x 106 2.0645 1.3861
801 1.25 1.0x10—6 2.3217 1.0x10—6 2.3214 4722 x10~7 2.3216 1.7596

The time step was fixed at At = 0.003125. Areference
solution was computed using the same three-level method
on N, = 1,601 spatial points so that temporal error was
common to all comparisons and the measured error primarily
represented spatial discretization.

The rates are close to two over the principal refinement
range, confirming the expected second-order accuracy of the
central spatial difference approximation. The higher final
rates occur because the solutions approach the refined-grid

reference and the errors become very small.

In Table 10, the proposed method and the RK4-central
difference method produce closely agreeing numerical solu-
tions. As expected, RK4 yields lower errors at the same time
step because it is fourth-order accurate in time. Nevertheless,
the proposed scheme requires only one new evaluation of
the nonlinear reaction-diffusion operator per time step after
initialization, while RK4 requires four. The measured CPU
time was approximately 0.0581 s for the proposed method
and 0.1977 s for RK4, corresponding to a computational

speed-up of approximately 3.4.

Table 10. The comparison was performed on N, = 201 with At = 0.0625 and 7" = 50. CPU times are median values from three runs

in the same execution environment.

Method E(P) E»(0) E(N) Ey(P) E»(0) E;(V) CPU (s)
Proposed three-level scheme ~ 1.41 x 10=%  4.00x 10~* 591 x10~% 2693 x1073 1.035x1072 1.798x10~2  0.0581
RK4-central difference 260x107°  230x107% 9.00x10~6  4.50x10~4 3.89 x 10—4 1.26 x 104 0.1977

RK4 is more accurate at the same time-step size because
it is fourth order in time. However, the proposed method
is approximately: CPU speed-up = 0.1977/0.0581 ~ 3.40.
Therefore, at this grid and time step, the proposed method
is about 3.4 times faster and requires only one new nonlin-
ear operator evaluation per time level, compared with four

operators for RK4.

6. Results and Discussion

We investigate the population dynamics of interacting
species across a series of figures, exploring the effects of
different parameters. These numbers give insight into how
changes in parameters affect prey and predator in an ecolog-
ical system. Figures 1 and 2 show how the prey’s group
defense is affected by the driving factor. At D = 0, G is min-
imal, likely around 0.6. As D increases, G will also increase
rapidly at first because of the exponential term, ultimately
peaking at G = 1 at D = 8. Once D has passed the point at
which G has its peak value, the curve levels off to show that
increases in D have little effect on G and that G continues

to be its maximum value G = 1. This function is a case in

which the group defense of prey species will rise quickly as
the driving factor D rises initially and then level off when
D is increased further. In an ecological sense, this would
be the case if prey species respond to a threat by becoming
more adept at defending themselves until, at a certain point,
further improvement in their defence yields no additional
benefit.

The plotted curves in Figure 2 depict the relationship
between the driving factor D and the group defensce offered
by prey species, with each curve exhibiting inflexion points
at D=2, D=4, and D = 6. Notably, the curve corresponding
to the inflection point at D = 2 starts defense offerings at
a very low value, around 0.02, and quickly escalates to its
maximum value of 1, achieving this earlier than the other
curves due to the earlier inflection point. Conversely, the
curves associated with inflection points at D = 4and D = 6
initiate defense from G = 0 and exhibit gradual increases
until they reach their respective inflection points. Follow-
ing these points, the rate of defense elevation accelerates,
resulting in steeper slopes around D = 4 and D = 6. Ulti-

mately, all curves attain the same maximum defence value
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of 1; however, the timing of this attainment depends on the
positions of the inflexion points. This portrayal illustrates
how different inflexion points can influence the trajectory
and pace of the prey species’ defense response to the driving
factor, thereby depicting nuanced dynamics in ecological or
evolutionary scenarios.

The location and direction of the inflexion points in the
curves denote critical thresholds at which the defense value
of the prey species changes its rate of increase or decrease,
and therefore are points of added sensitivity or adaptation to
environmental pressures. When inflection points are lower
on the D value, the more rapid the escalation of defense
strategies, which can help to counter threats earlier. Other
species, however, with inflection points at higher D val-
ues, might need stronger environmental signals to trigger
strong defense mechanisms. The knowledge gained from
these dynamics can help elucidate how prey species adapt
to environmental changes, enhancing understanding of the
ecosystem.

The effect of the parameter G (group defense) on pop-
ulations of the interacting species is explored in Figures
3—6. The plots on the left show phase portraits, and those on
the right show time-series solutions; both are used to assess
the stability of the equilibrium points in the predator-prey
system. The time-series solutions are coloured: green for
prey-1, blue for prey-2, and red for predators. In the phase
portraits, the trajectories of the system are shown in red. An
examination of the time series shows that as the level of the
defense mechanism, G, increases, the populations of both
prey species increase. Considering the paths of the prey-1
(green) states, we can see that the stabilization points move
with the increasing value of GG. Specifically, for G = 0.1,
prey-1 stabilizes at 53; for G = 0.3, it stabilizes at 68; for
G = 0.5, it stablizes at 80; and for G = 0.7, it stabilizes at
84. This suggests that the larger the value of G, the larger the
stabilised prey-1 population. This correlation emphasises the
importance of predator-prey interactions in maintaining prey
population equilibrium in predator-prey systems through de-
fence mechanisms. These insights are supported by the phase
portraits, which show the trajectory of the system and high-
light the dynamics and stability of the equilibrium points
as a function of G. Overall, these plots provide valuable
visualizations of how changes in defence mechanisms af-

fect the dynamics and stability of predator-prey populations.

The initial conditions for these simulations are set at (10, 10,
6), denoting the initial populations of prey-1, prey-2, and
predators, respectively. As group defence strength increases,
prey become more resistant to predator attacks, leading to
noticeable changes in the system’s long-term population dy-
namics. The gradual increase in group defense shifts the
system from a regime dominated by competitive exclusion
toward one that supports greater species persistence and co-
existence, demonstrating the stabilizing role of collective
defense in maintaining ecological balance. Figures 3 and 4
depict the classical phenomenon of competitive exclusion
over the shorter simulation period (¢ = 1,000). In these
cases, prey-1 disappears quickly during the early stage of the
simulation (¢ < 50), leaving prey-2 and the predator in the
ecological system. It is clear from these plots that, after a few
initial oscillations, the two populations gradually settle into
a stable equilibrium, indicating that the ecosystem reaches a
balanced predator—prey relationship once the weaker prey
species has vanished.

Figures 5 and 6 show a different ecological outcome
in which coexistence of all three species is obvious. With
these parameter settings, prey-1 can persist rather than go ex-
tinct, allowing both prey species to coexist with the predator.
Figure 4 shows that the equilibrium densities of both prey
species are noticeably higher, suggesting more favourable
environmental conditions. At the same time, the predator
continues to regulate the prey populations and sustain the
overall stability of the system.

In Figures 6-10, we investigate the influence of J,
which represents the predator’s death rate, on the ecological
system. Like the previous figures, an increase in J results
in reduced predation, leading to an upsurge in prey popula-
tions, especially prey-1. The same colour scheme is used,
with green representing prey-1, blue for prey-2, and red for
predators. The initial conditions for these simulations are set
at (10, 15, 8). Figures 7 and 8 demonstrate the influence of
the predator mortality rate, §, on the long-term population
dynamics over the extended simulation period (¢ = 10, 000).
The predator death rate is increased in steps from J = 0.002
t0 0.009, 0.09, and 0.50. As § increases, predator survival
becomes progressively more difficult, altering the balance
between predation pressure and prey growth. Consequently,
the system exhibits noticeable changes in transient behavior,
oscillation patterns, and equilibrium population densities, il-
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lustrating the important role of predator mortality in shaping
ecosystem stability and species persistence.

When the simulation is extended to 10,000, the long-
term behaviour becomes more evident. Figure 7 shows that
Prey-1 again goes to extinction very early in the simulation.
However, the remaining predator/Prey-2 system experiences
large population fluctuations for a long time before eventu-
ally approaching a stable state. These oscillations reflect the
repeated rise and fall of prey and predator populations as
they gradually move toward equilibrium.

Figures 8—10 illustrate increasingly stable long-term
dynamics. In Figure 8, the predator continues to exert strong
control over the prey population, leading to prolonged oscil-
lations before the system stabilises. Figure 9 reaches equi-
librium more rapidly, with the oscillations dying out fastly,
indicating a stronger stabilizing effect. Figure 8 shows the
most stable scenario, where a relatively large Prey-2 popula-
tion supports the predator while preventing large fluctuations,
resulting in a well-balanced, resilient ecosystem over the long
term.

Figure 11 shows the system’s overall balance that
comes down to a few straightforward drivers: each prey
population’s size is devastatingly powered by its own inter-
nal growth rate (r1,r3), whereas the predator population is
most sensitive to its own mortality rate, taking a sharp hit
whenever death rates increase. Elevated attack rates (., a2)
naturally trim down prey numbers, and raising general habi-
tat capacity (G) helps both prey species while surprisingly
causing a small dip in predator numbers due to top-down
feedback loops. Lastly, the diffusion terms (dy, do,ds) sit
right at zero, proving that how quickly or slowly species
move across space has virtually no effect on their long-term
average population densities.

Figures 12—14 are dedicated to the analysis of a dif-
fusion system. These plots, which are drawn for different
values of G (0.1, 0.3, 0.5, 0.7), provide insights into the sys-
tem’s behaviour. The initial conditions for these simulations
are (70, 6.4, 4).

The oscillatory behaviour observed in Figures 12-14,
which depicts the solution of a diffusive system for the se-
lected parameters, can be attributed to the interplay between
diffusion and reaction processes within the ecological system.
Diffusion, representing the movement of individuals across

space, can lead to spatial heterogeneity in population densi-

ties. Meanwhile, processes such as predation and reproduc-
tion affect population dynamics. In diffusive systems, these
processes are coupled, leading to oscillations in response to
spatial variability and feedback processes. Oscillatory be-
haviour arises from the system’s intrinsic dynamics, in which
fluctuations in population densities propagate spatially and
temporally, resulting in periodic patterns. These oscillations
may reflect underlying instabilities or feedback loops within
the ecosystem, highlighting the complex dynamics inherent
in ecological systems. Understanding the technical details of
diffusion and reaction processes, as well as their combined
effects, is essential for elucidating the observed oscillatory
behaviour and its implications for ecosystem dynamics and
stability. Figure 15 illustrates the phase portrait of the diffu-
sive system. This portrait helps us understand the stability
of a coexistence fixed point within the system.

The initial conditions for this specific plot are (14, 10,
14). The parameter values for all Figures 3—16 are given
in Tables 3 and 7. The observed surface plot depicts the
spatial distribution of predator (Q) populations over time,
with the spatial axis (x) representing different spatial co-
ordinates, the temporal axis (y) representing time, and the
population axis (z) indicating predator density. Figure 16
displays surface plots that illustrate the spatial and temporal
impacts on the interacting population. Observing the plots,
we observed the variation in population. For instance, in the
prey-2 plots, we found that at a fixed time point (¢ = 8.586),
the surface plot provides a valuable understanding of the
spatial dynamics of predator populations. Despite varying
spatial coordinates along the x-axis, the population of prey-2
remains relatively constant. Specifically, for spatial coordi-
nates ranging from 2.525 to 20.2, the predator population
remains around 56 individuals, exhibiting minimal variation.
However, at a spatial coordinate of 48.99, the predator popu-
lation notably increases to 70.47 individuals. The consistent
prey population across most spatial coordinates implies spa-
tial homogeneity in predator distribution at this point. The
slight increase in predator population at a specific spatial co-
ordinate (x = 48.99) suggests localized variations in habitat
conditions. Despite spatial variations, the overall stability of
predator populations over time suggests a level of resilience
or equilibrium in predator-prey dynamics within the ecosys-
tem. This stability may arise from regulatory mechanisms

such as predator-prey interactions, density-dependent pro-
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cesses, or environmental feedback loops.

The proposed model also matches previous theoreti-
cal studies of predator-prey systems. Previous research has
shown that group-defence mechanisms decrease predator
attack efficiency and increase prey persistence, and reaction-
diffusion models have shown that spatial dispersal allows
coexistence and spatially stable population distributions. The
current study builds on this previous research. It presents
a unified mathematical model that combines environmen-
tally regulated group defence, two-prey-one-predator dynam-
ics, reaction-diffusion processes, rigorous analytical stability
analysis, and a new numerical model comprising three lev-
els. While previous formulations assumed constant defense
intensity, the proposed formulation allows collective defense
to be flexible and continuously adjusted to environmental
conditions, making it more realistic for representing ecologi-
cal systems affected by environmental variability, resource
levels, and habitat quality.

To further verify the numerical performance of the
proposed three-level finite difference scheme, additional
simulations were carried out using different time-step sizes
while keeping all model parameters and initial conditions
unchanged. The numerical solutions obtained for different
values of At exhibit consistent qualitative behaviour, indicat-
ing that the proposed numerical method produces stable and
reliable approximations over the considered range of discreti-
sation parameters. These results provide numerical support
for the theoretical Von Neumann stability analysis and con-
firm the robustness of the proposed scheme for solving the
nonlinear predator-prey system (see Figure 17).

The results of the analysis and calculations are gen-
erally consistent, showing that the interaction between en-
vironmental quality, prey defensive behaviour, and spatial
dispersion governs ecosystem stability. Collective defense
is enhanced by environmental improvement, spatial persis-
tence by diffusion, and ecosystem resilience and decreased
risk of population collapse by both. The results advance our
understanding of predator-prey dynamics regulated by the en-
vironment and offer a flexible mathematical model for future
studies on stochastic environments, habitat fragmentation,
seasonal variations, and adaptive predator-prey behavioural

responses.

7. Conclusions

Our investigation into the mechanisms that guide group
defense in a three-species model has provided insights into
the complex dynamics of predator-prey interactions. By
identifying equilibrium points, analyzing system stability
through Lyapunov functions, and examining stability using
the Routh-Hurwitz criterion, we have gained a nuanced un-
derstanding of the patterns within this ecological system. In
the present research, a three-species predator-prey model is
formulated that accounts for prey species group defense. The
positivity and boundedness of the solution is discussed. The
model’s equilibrium points are computed, and the coexis-
tence equilibrium points are analysed for local and global
stability. Moreover, the diffusive version of the model is
presented. The stability of the diffusive version is also pre-
sented. An explicit numerical scheme is presented and anal-
ysed using the Von Neumann method. It is concluded that
the coexistence model shows local and global stability under
some conditions. Group defense in prey species reduces the
risk of predation. As we enhance the value of G, the prey
population rises due to a reduced attack rate. The predator’s
death rate significantly affects the population dynamics of
interacting species. An increase in the death rate enhances
the prey population. The diffusive version of the model is
presented to see the impact of diffusion. A numerical scheme
is constructed, and it is concluded that it is conditionally
stable. The solution of the diffusive system is presented us-
ing the constructed scheme. The phase portrait illustrates
the stability of the diffusive system and demonstrates the
coexistence of the interacting populations under the assumed
parameter values.

We found that resource availability and habitat quality
are key factors in the dynamics of these systems and should
be considered. Adding the group defense mechanisms of
both prey species adds another dimension to understanding
the phenomenon. It illustrates the relationship between envi-
ronmental factors and strategies used by the species in the
ecosystem. This study is useful in the field of ecology and is
significant for ecological issues of biodiversity management
and conservation. In this way, we begin to understand the
dynamics and stability of species ecosystems in which group
defense is involved, paving the way for more informed eco-
logical management, particularly in the context of diffusion.

The model is proposed and shown to play a funda-
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mental role in explaining the persistence and coexistence of
interacting species, depending on environmental conditions
and their group-defense strategies. Analytical and numerical
analyses indicate that the strength of collective defense is an
important factor in long-term predator distribution, lowering
predation pressure and increasing prey survival. Spatial dif-
fusion also helps stabilise population distribution by enabling
species to spread and exploit resources more efficiently.

The results of this study have ecological implications
for wildlife management and ecosystem conservation. The
model proposes that if prey species can maintain resources
and habitat in a state that supports high habitat quality, their
natural defense behaviours will be reinforced, leading to
greater biodiversity and reduced risk of local extinction. The
outcomes could also be useful for conservation practitioners
in designing nature reserves, enhancing habitat connectivity,
and assessing biological control programmes, particularly
when predator-prey relationships are important in shaping
population dynamics within an ecosystem. Additionally, the
proposed framework can be extended to explore the impli-
cations of climate change, habitat fragmentation, invasive
species, and adaptive management policies on ecological
stability. The additional extensions are promising areas for
future research and enhance the usefulness of the proposed
mathematical model.

Our research is relevant and contributes to the field
by providing an approach to modelling and studying com-
plex systems. It has emphasized mechanisms that influence
the long-term viability and adaptability of ecosystems in re-
sponse to changes. As fractional calculus is a valuable tool
for modeling natural phenomena, we shall extend the model
to its fractional version in the future.

In the present study, we showed that these two pro-
cesses, group defense and spatial diffusion, are essential
mechanisms for predator-prey coexistence and ecosystem
stability, and that they are regulated by environmental factors.
In addition to establishing the model’s mathematical proper-
ties and designing an effective numerical tool, the proposed
model provides ecological insights for biodiversity conserva-
tion, habitat restoration, wildlife management, and biological
control. The findings indicate that enhancing habitat qual-
ity and habitat connectivity can boost the effectiveness of
natural collective defense mechanisms, species persistence,

and ecosystem resilience to environmental disturbance. The

proposed framework is therefore a valuable mathematical
tool for exploring conservation strategies and assessing po-
tential future climate variability, habitat fragmentation, and

ecological consequences.

7.1. Limitations

The present model has several limitations: it inves-
tigates predator-prey interactions with environmentally in-
duced group defense and spatial diffusion, but it is unclear
how these features influence the dynamics of the entire sys-
tem. Natural ecosystems are affected by seasonal variations,
environmental uncertainty, habitat fragmentation, and demo-
graphic stochasticity, which are not included in the current
formulation. Furthermore, the model has not been applied
to field observations and may therefore have limited direct
application to certain ecological systems.

The framework presented here, although limited, of-
fers a valuable mathematical tool for exploring the impact
of environmental conditions on the coexistence of predators
and prey and on the stability of the ecosystem. The findings
may have implications for biodiversity conservation, wildlife
management, ecological risk assessment and ecosystem re-
habilitation, particularly in situations where predator-prey

relationships are heavily influenced by collective prey.

7.2. Future Directions

Future work will investigate the impact of stochastic
environmental fluctuations on the model, the importance
of spatially heterogeneous habitats, the inclusion of season-
ality, adaptive dispersal mechanisms and other ecological
interactions such as competition, disease transmission and
age/stage structure. Another part will estimate the model
parameters using ecological observations and validate the
proposed framework using empirical data. This will improve
the realism of the model and extend its utility for real-world

ecological management and conservation challenges.
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