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Detecting the presence of a valid signal is an important task of a telecom-
munication receiver. When the receiver is unable to detect the presence of 
a valid signal, due to noise and fading, it is referred to as an erasure. This 
work deals with the probability of erasure computation for orthogonal 
frequency division multiplexed (OFDM) signals used by multiple input 
multiple output (MIMO) systems. The theoretical results are validated by 
computer simulations. OFDM is widely used in present day wireless com-
munication systems due to its ability to mitigate intersymbol interference 
(ISI) caused by frequency selective fading channels. MIMO systems offer 
the advantage of spatial multiplexing, resulting in increased bit-rate, which 
is the main requirement of the recent wireless standards like 5G and be-
yond.  
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1. Introduction

As we move towards higher bit-rates and millime-
ter-wave frequencies, the physical layer of a telecom-
munication system needs to maintain reliable commu-

nication between the transmitter and receiver. This implies that:
(1) The operating average signal-to-noise ratio per bit 

(or Eb /N0) must be as close to 0 dB as possible [1,2]. This 
ensures that the transmit power is kept as low as possible, 
which enhances the battery life of a mobile handset. It 
needs to be again mentioned that the operating Eb /N0 of 
wireless telecommunication systems e.g. a mobile hand-
set, is not specified, only the received signal strength is 
mentioned [3]. If Eb /N0 was such an important parameter 
in the universities, why was it dropped by the industry?

(2) For a given Eb /N0, the bit-error-rate must be mini-

mized. In fact, it has been shown in [1] that it is possible to 
achieve error-free transmission as long as Eb /N0 is greater 
than -1.6 dB even for fading channels.

(3) The transmission bandwidth should be minimized, 
by use of pulse shaping [4]. This allows spectrum sharing 
among a large number of users.

In order to achieve the aforementioned targets, the 
receiver must be optimally designed, incorporating the 
best signal processing algorithms. It is well known that 
the optimum receiver is a coherent receiver, that has 
perfect knowledge of the carrier frequency and phase, 
timing phase and the channel impulse response. One of 
the methods to obtain a near-coherent receiver is to train 
it with a known preamble, before the commencement of 
data (information) transmission. Now, the question here 
is: how does the receiver know that the preamble has been 
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transmitted? Moreover, in the presence of noise and fad-
ing, the receiver may not be able to detect the presence 
of a preamble. This condition is referred to as an erasure. 
The subject of this work is to compute the probability of 
erasure for a multiple input multiple output (MIMO) or-
thogonal frequency multiplexed (OFDM) system, since it 
is expected to have applications in 5G and beyond. This 
work has not been done earlier.

The probability of erasure was simulated for single 
input single output (SISO) OFDM in [5,6]. Subsequent 
works on single input multiple output (SIMO) OFDM [3] 
and MIMO OFDM [7-10] also dealt with the probability of 
erasure, since the receiver was trained with a known pre-
amble. However, the simulation results for the probability 
of erasure were not published.

This work is orgnized as follows. Section 2 presents the 
system model. The probability of erasure is derived in Sec-
tion 3. Computer simulation results are given in Section 4. 
Conclusions and future work are mentioned in Section 5.

 Figure 1. PDF of  and  for various SNRs, re-trans-
missions and N=4 antennas

 Figure 2. PDF of  and  for various SNRs, re-trans-
missions and N=8 antennas

2. System Model

Consider an N×N MIMO system (see Figure 1 of [9]). The 
channel is assumed to be quasi-static (time-invariant over 
one re-transmission and varies randomly over re-transmis-
sions), frequency selective fading. The channel impulse 
response between transmit antenna nt and receive anten-
na nr for the kth re-transmission at time n is denoted by 

 and is characterized by (E3) in [9]. The subscripts 
in the channel impulse response are integers that lie in the 
range 1 ≤ k ≤ Nrt, 0 ≤ n <Lh and 1≤nr , nt ≤ N. Note that the 
number of re-transmissions is denoted by Nrt, the length 
of the channel impulse response is Lh and the number of 
antennas at the transmitter and receiver is N. Clearly, there 
are N2 Nrt channel impulse responses to be estimated. This 
is accomplished by using the frame structure given in Fig-
ure 3(a) of [9]. Recall that in the preamble phase, only one 
transmit antenna is active at a time, whereas in the data 
phase all transmit antennas are simultaneously active. The 
preamble symbols are drawn from a QPSK constellation 
and uncoded. The received signal  during the 
preamble phase is given by (E8) of [9]. We assume that 
there is no frequency offset, that is ω0=0 in (E8) of [9]. 
The effect of non-zero frequency offset is studied in the 
computer simulations. At the correct timing instant (per-
haps a circular shift of  may be necessary), the 
Lp-point FFT of  yields (E13) in [9], which is 
repeated here for convenience (0 ≤ i < Lp, i is an integer):

 (1)

The subscript “p” in the above equation denotes the pre-
amble phase. Now

 (2)

since (see (E10) of [9])

 (3)

denotes the energy of the preamble. The Lp-point inverse 
fast Fourier transform (IFFT) of (2) yields (for 0 ≤ n < Lp, 
n is an integer)

 (4)

where the second term on the right hand side of (4) is the 
Lp-point IFFT of the second term on the right hand side of 
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(2). From (4) it is clear that 0 ≤ n < Lh contains the chan-
nel coefficients plus noise, whereas Lh ≤ n < Lp contains 
only noise. Typically

 (5)

Moreover

 (6)

where  is the one-dimensional variance of  
in (E8) of [9]. For a given k, nr and nt let

 (7)

Note that  and  are complex Gaussian random vari-
ables with zero-mean. Due to independence between the 
channel coefficients and noise

 (8)

where  is the one-dimensional variance of  (see 
(E3) of [9]). An erasure occurs when

 (9)

Figure 3. Simulation results

3. The Probability of Erasure

The probability density function (pdf) of  and  

is given by (for 0 ≤ z, y < ∞) [11]

 (10)

where we have assumed that  and  are wide sense 
stationary, so that their pdfs are independent of the time 
index n. Let

 (11)

Since  and  are independent over n, the cumulative 
distribution function (cdf) of  and  is [12,13]

 (12)

Therefore, the pdf of  and  are (for 0 ≤ z, y < ∞)

 (13)

For a given k, nr, nt, and from (9) there is no erasure when

 (14)

where the subscript “ne” denotes “no erasure” and “1” de-
notes one particular value of k, nr and nt. Now

 (15)

Let

 (16)

Then

DOI: https://doi.org/10.30564/ssid.v2i1.1689



4

Semiconductor Science and Information Devices | Volume 02 | Issue 01 | April 2020

Distributed under creative commons license 4.0

 (17)

Therefore

 (18)

where

 (19)

Since the channel and noise are independent across k, nr 
and nt the probability of no erasure for all k, nr and nt is

 (20)

Finally, the probability of erasure for all k, nr , nt is

 (21)

While it appears that (21) is the closed form expression 
for the probability of erasure over all re-transmissions 
(k), receive antennas (nr) and transmit antennas (nt), the 
main problem lies in the computation of Al in (16). The 
reason is that  takes very large values (results in 
overflow) for preamble length Lp=512 and channel length 
Lh=10. In order to alleviate this problem, we need to re-
sort to numerical integration techniques. Thus (14) is ap-
proximated by

 (22)

where

 (23)

Note that

 (24)

In other words, it is sufficient to take the maximum value 
of z in the upper limit of the integral over z in (14) to be 
equal to 10. This is also clear from the plots of the pdf of 

 in Figures 1 and 2 as a function of the average SNR 
per bit, the number of re-transmissions Nrt and the number 
of antennas N. The average SNR per bit is defined in (E21) 
of [9], and is repeated here for convenience

 (25)

We find that in all cases, the pdf of  goes to zero for 
z >10, which justifies the relation in (24). It can also be 
seen from Figures 1 and 2 that the pdf of  is relatively 
insensitive to variations in N and Nrt , whereas the pdf of  

 varies widely with N and Nrt.

4. Results

The probability of erasure results are presented in Fig-
ure 3. The results for four transmit and receive antennas 
(N=4) is shown in Figure 3(a). We see that the theoretical 
and simulated curves nearly coincide, which demonstrates 
the accuracy of our prediction. Moreover, the probabili-
ty of erasure increases with increasing re-transmissions. 
The probability of erasure with eight transmit and receive 
antennas (N=8) is given in Figure 3(b). Clearly, the prob-
ability of erasure is three orders of magnitude higher than 
N=4, for the same number of re-transmissions Nrt. Next, 
in Figure 3(c), the length of the preamble and data is dou-
bled compared to Figure 3(a) and (b), that is Lp=1024, 
Ld=2048 and the number of re- transmissions is fixed to 
Nrt=2. We see that the probability of erasure reduces by 
two orders of magnitude. In other words, increasing the 
length of the preamble (Lp) reduces the probability of 
erasure. Note that, when the preamble length is increased, 
the data length (Ld) also needs to be increased, to keep 
the throughput fixed (see Table 1 of [9]). Finally in Figure 
3(d), we plot the probability of erasure in the presence of 
frequency offset (ω0). The received signal model in the 
presence of frequency offset is given by (E8) of [9], before 
the FFT operation at the receiver. We have taken
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 (26)

where 2π/Lp denotes the subcarrier spacing of the pream-
ble. We see that the probability of erasure increases with 
increasing FOFF_FAC.

5. Conclusion and Future Work

In this work, we have derived the probability of era-
sure (defined as the probability of not detecting an OFDM 
frame when it is transmitted) for MIMO-OFDM systems. 
It is assumed that the frequency offset has been accurately 
estimated and cancelled. Simulation results are also pre-
sented in the presence of frequency offset, and it is seen 
that the probability of erasure increases with increasing 
frequency offset. Future work could be to derive the prob-
ability of erasure in the presence of small frequency off-
sets, say for FOFF_FAC<0.25. The other interesting area 
could be to compute  for large values of a and b.
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